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ABSTRACT
In  t h i s  s tu d y ,  q u i n t i c  d e s ig n s ,  a  c l a s s  o f  p a r t i a l l y  
b a la n c e d  in co m p le te  b lo c k  d e s ig n s  h a v in g  f i v e  a s s o c i a t e  c l a s s e s ,  a re  
d e f in e d .  A q u i n t i c  d e s ig n  has  s^  t r e a tm e n ts  (s > 2 , an i n t e g e r )  
a r ra n g e d  in  b b lo c k s  o f  s i z e  k .  The t r e a tm e n ts  a re  numbered from one 
t o  S5 and th e  t r e a tm e n t  numbered t  i s  a s s ig n e d  c o o r d in a te s  ( a , B , y , 6 , £ ) ,  
( a , $ , y , 6 ,e  = l , . . . , s ) ,  i f  t  = ( a - l ) s ^  + ( B - l ) s ^  + ( y - l ) s ^  + (6- l ) s  + e .  
Two t r e a tm e n ts  a re  s a i d  to  be i - t h  a s s o c i a t e s  i f  th e y  d i f f e r  in  e x a c t ly  
i  o f  t h e i r  c o o r d in a te s .
The p a ra m e te rs  o f  such a d e s ig n  a re  found in  term s o f  s .
The s^  x b in c id e n c e  m a t r ix  N, whose ( t , j ) - t h  e lem en t i s  one , i f  th e  
t r e a tm e n t  numbered t  occu rs  i n  th e  j - t h  b lo c k ,  and i s  z e ro ,  o th e rw is e ,  
i s  s t u d i e d .  The p r o p e r t i e s  o f  N N ', and , in  p a r t i c u l a r ,  th e  e ig e n v a lu e s  
o f  NN', a r e  examined in  o r d e r  t o  p r e s e n t  n e c e s s a ry  c o n d i t io n s  f o r  th e  
e x i s t e n c e  o f  q u i n t i c  d e s ig n s .  Some examples o f  s e t s  o f  p a ra m e te rs  
f o r  which d e s ig n s  do n o t  e x i s t  a re  g iv e n .  Two methods o f  c o n s t r u c t i n g  
q u i n t i c  d e s ig n s  from known d e s ig n s  a re  g iv e n .
The a n a l y s i s  o f  th e  d e s ig n  i s  c a r r i e d  o u t  and th e  v a r ia n c e s  
o f  e le m e n ta ry  t r e a tm e n t  com parisons a re  found.
The b lo c k  s t r u c t u r e  o f  two ty p e s  o f  q u i n t i c  d e s ig n  i s  
s t u d i e d .  For each o f  th e s e  two ty p e s ,  bounds a re  o b ta in e d  f o r  th e  
number o f  t r e a tm e n ts  common to  any two b lo c k s  o f  th e  d e s ig n  and a l s o  f o r  
th e  number o f  b lo c k s  o f  th e  d e s ig n  h av in g  a s p e c i f i e d  number o f  t r e a t ­
ments in  common w ith  any g iven  b lo c k  o f  th e  d e s ig n .
i i
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F i n a l l y ,  th e  a n a l y s i s  o f  v a r i a n c e  o f  a q u i n t i c  d e s ig n  i s  
c a r r i e d  o u t  by th e  method g e n e r a l l y  u sed  i n  th e  a n a l y s i s  o f  v a r ia n c e  
f o r  p a r t i a l l y  b a la n c e d  in c o m p le te  b lo c k  d e s ig n s .
i i i
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CHAPTER I 
INTRODUCTION
1.1  P a r t i a l l y  B alanced  Incom ple te  Block Designs
E xperim en ta l  d e s ig n  d e a l s  e s s e n t i a l l y  w ith  t h e  p rob lem  o f  
a r r a n g in g  a number o f  t r e a tm e n t s  i n t o  groups c a l l e d  b lo c k s  in  a  way such 
t h a t  a n a l y s i s  i s  s im ple  and th e  e s t im a te s  o f  t r e a tm e n t  d i f f e r e n c e s  
o b ta in e d  have v a r ia n c e s  as low and as homogeneous as p o s s i b l e .  In many 
i n s t a n c e s  th e  number o f  e x p e r im e n ta l  u n i t s  and t h e i r  g ro u p in g  i n t o  
b lo c k s  i s  co m p le te ly  un d er  th e  c o n t r o l  o f  th e  e x p e r im e n te r .  In o t h e r s ,  
th e  number o f  p l o t s  p o s s i b l e  p e r  b lo c k  i s  l e s s  th a n - t h e  number o f  t r e a t ­
ments o r  th e  number o f  t r e a tm e n ts  i s  so l a r g e  t h a t  s u f f i c i e n t  homogeneous 
p l o t s  c a n n o t .b e  found to  form a com plete  b lo c k .  B alanced  incom ple te  
b lo c k  d e s ig n s  and p a r t i a l l y  b a la n c e d  in co m p le te  b lo c k  d e s ig n s  were 
d eve loped  f o r  use  in  th e s e  c i r c u m s ta n c e s .
Throughout t h i s  work, v w i l l  r e f e r  t o  th e  number o f  
t r e a t m e n t s ,  b t o  th e  number o f  b l o c k s ,  k t o  th e  number o f  p l o t s  p e r  
b lo c k  and r  t o  th e  number o f  r e p l i c a t i o n s  o f  each  t r e a tm e n t  ( c o n s ta n t  
f o r  a l l  t r e a t m e n t s ) . I t  w i l l  be assumed t h a t  k<v.
I f  th e  t r e a tm e n ts  a re  a r ra n g e d  in  th e  b lo c k s  in  a  way such 
t h a t  any given t r e a tm e n t  appea rs  w i th  ev e ry  o t h e r  t r e a tm e n t  i n  e x a c t ly  
X b lo c k s  (X c o n s ta n t  f o r  a l l  t r e a t m e n t s ) ,  th e  d e s ig n  i s  s a i d  t o  be a 
b a la n c e d  incom ple te  b lo c k  d e s ig n .  I f ,  how ever, th e  t r e a tm e n t s  can be 
d iv id e d  i n t o  m c l a s s e s  and a r ra n g e d  in  b lo c k s  such t h a t  any g iven
1
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2t r e a tm e n t  appea rs  w ith  ev e ry  o t h e r  t r e a tm e n t  i n  t h e  i - t h  c l a s s  i n  X  ^
b lo c k s  ( i  = l , . . . , m )  and i f  th e  X  ^ *s a re  c o n s ta n t  f o r  a l l  t r e a t m e n t s ,  
th e  d e s ig n  i s  s a i d  t o  be a p a r t i a l l y  b a la n c e d  in co m p le te  b lo c k  d e s ig n .
A p a r t i a l l y  b a la n c e d  in co m p le te  b lo c k  d es ig n  may be d e f in e d  
(Bose and Mesner (1959)) as a type  o f  a s s o c i a t i o n  scheme. Given v 
o b j e c t s  l , 2 , . . . , v ,  a r e l a t i o n  s a t i s f y i n g  th e  fo l lo w in g  c o n d i t io n s  i s  
s a i d  t o  be an a s s o c i a t i o n  scheme w ith  m c l a s s e s :
a) Any two o b je c t s  a re  e i t h e r  f i r s t ,  o r  s e c o n d , . . . ,  o r  
m-th a s s o c i a t e s ,  th e  r e l a t i o n  o f  a s s o c i a t i o n  b e in g  sy m m e tr ic a l ,  t h a t  i s ,  
i f  th e  o b je c t  a  i s  th e  i - t h  a s s o c i a t e  o f  th e  o b je c t  g ,  th en  g i s  th e  
i - t h  a s s o c i a t e  o f  a .
b) Each o b je c t  a  h as  n^ i - t h  a s s o c i a t e s ,  th e  number n^ 
b e in g  in d e p en d en t o f  a .
c) I f  any two o b j e c t s  a  and g a re  i - t h  a s s o c i a t e s ,  th e n  
th e  number o f  o b j e c t s  which a re  j - t h  a s s o c i a t e s  o f  a  and k - t h  a s s o c i a t e s  
o f  g ,  i s  d e s ig n a te d  p * .  I t  i s  in d e p en d en t o f  th e  p a i r  o f  i - t h  
a s s o c i a t e s  a  and g .
The numbers v ,  n . ( i  = 1 , 2 , . . . ,m) and p* ( i , j , k  = l , 2 , . . . , m )  
1
a re  th e  p a ra m e te rs  o f  th e  a s s o c i a t i o n  scheme.
An a s s o c i a t i o n  scheme w ith  m c l a s s e s  and g iven  p a ra m e te rs  i s  
a  p a r t i a l l y  b a la n c e d  in co m p le te  b lo c k  d es ig n  w ith  r  r e p l i c a t i o n s  and b 
b lo c k s  i f  th e  v o b je c t s  ( t r e a tm e n ts )  can be a r ra n g e d  i n t o  b s e t s  
(b lo c k s )  such t h a t
i )  each s e t  c o n ta in s  k o b je c t s  ( a l l  d i f f e r e n t ) ;
i i )  each  o b je c t  i s  c o n ta in e d  in  r  s e t s ;
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3i i i )  i f  two o b je c t s  a  and 3 a r e  i - t h  a s s o c i a t e s ,  
t h e n  th e y  o c c u r  t o g e t h e r  in  A  ^ s e t s ,  th e  number A^  b e in g  in d e p en d en t  o f  
t h e  p a r t i c u l a r  p a i r  o f  i - t h  a s s o c i a t e s  a  and 3 .
The p a ra m e te rs  which c h a r a c t e r i z e  th e  d e s ig n  s a t i s f y  th e  
fo l lo w in g  r e l a t i o n s :
m
b k = v r  E n .  = v -1
i =l  1
m
E
i =l
 n^ . Xi  = r ( k - l )  p ^  = p ^  ( 1 .1 .1 ) '
l  j kn . p . .  = n .  p . ,  = n, p .  .l  r jk  j  r ik  k
m
E p* = n. - 6 ., ,, , r ik  k i k ’
j = l  J
where <5^ i s  th e  K roneeker d e l t a .
I t  h as  been  shown (Bose and N a ir  (1939)) t h a t  t h e r e  a re  on ly
in d e p en d en t p a ra m e te rs  in  th e  s e t  o f  p ^  .’s .
A p a r t i a l l y  b a la n c e d  d e s ig n  may a l s o  be c h a r a c t e r i z e d  b y  a
v x b in c id e n c e  m a tr ix  N = (n. .) , where
n . . = 1 i f  t r e a tm e n t  i  occu rs  i n  b lo c k  j ,
i l
= 0  o th e rw is e .
The n .  . s a t i s f y  
i l
b
E n . . = r  ( i  = 1 , 2 , . .  . ,v)
• i i l  1=1 J
b
E n .  . n .  . .  = A, , . . in  i ' i  k ’ 1=1 J J
( 1 . 1 . 2)
1=
i f  t r e a tm e n ts  i  and i '  a r e  k - t h  a s s o c i a t e s .
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41 .2  Recent R esearch  and O u t l in e  o f  R e s u l t s  O b ta ined
I t  has  been s t a t e d  (H erzberg  and Cox (1969)) t h a t  th e  t o p i c  
t h a t  a c c o u n ts  f o r  th e  l a r g e s t  p r o p o r t i o n  o f  p a p e rs  in  r e c e n t  r e s e a r c h
\ j
i s  th e  s tu d y  o f  in c o m p le te  b lo c k  d e s ig n s .  Known p a r t i a l l y  b a la n c e d  
in c o m p le te  b lo c k  d e s ig n s  w i th  two a s s o c i a t e  c l a s s e s  have been  c l a s s i f i e d  
a c c o rd in g  to  t h e i r  a s s o c i a t i o n  schemes (Bose and Shimamoto (1952)) and 
th o s e  d e s ig n s  hav ing  th r e e  o r  more a s s o c i a t e  c l a s s e s  have been s tu d i e d  
(Roy (1954 ) ,  V ar tak  (1959),  Raghavarao (1960),  Raghavarao and 
C h an d rasek h a ra rao  (1964),  A dhikary  (1966),  (1 9 6 7 )) .  More r e c e n t l y ,  
a l g e b r a i c  and c o m b in a to r ia l  p r o p e r t i e s  o f  b lo c k  d e s ig n s  and c o n s t r u c t io n  
methods have been  c o n s id e re d  (S h irokova  (1 9 6 8 )) .
C o n d it io n s  f o r  th e  e x i s t e n c e  o f  c e r t a i n  ty p e s  o f  p a r t i a l l y  
b a la n c e d  in co m p le te  b lo c k  d e s ig n s  have been i n v e s t i g a t e d  (Ogawa (1959),  
Sh rikhande  and J a i n  (1962),  S h r ik h an d e ,  Raghavarao and T h a r th a re  (1 9 6 3 )) .  
In p a r t i c u l a r ,  r e s u l t s  on c u b ic  d e s ig n s  (Raghavarao and C h an d rasek h a ra rao  
(1 9 6 4 ) ) ,  t o g e t h e r  w i th  e x i s t e n c e  and n o n - e x is t e n c e  th e o re m s ,  have been 
e x ten d ed  to  q u a r t i c  d e s ig n s  (O 'Shaughnessy (1968 )) .
In t h i s  d i s s e r t a t i o n ,  a ty p e  o f  p a r t i a l l y  b a la n c e d  in c o m p le te  
b lo c k  d e s ig n  h av in g  f i v e  a s s o c i a t e  c l a s s e s  i s  c o n s id e re d .  D esigns o f  
t h i s  ty p e  a re  r e f e r r e d  to  as q u i n t i c  d e s i g n s , s in c e  th e  number o f  
t r e a tm e n t s  i s  v = s^  (s > 2 , an i n t e g e r )  and t h e r e  a re  f i v e  a s s o c i a t e  
c l a s s e s .  The a n a l y s i s  o f  t h e s e  d e s ig n s  i s  c a r r i e d  ou t  in  C h ap te r  I I  
and methods o f  c o n s t r u c t i n g  q u i n t i c  d e s ig n s  from c e r t a i n  known e x p e r i ­
m en ta l  d e s ig n s  a re  p r e s e n te d .  In C hap te r  I I I ,  c o n d i t io n s  n e c e s s a r y  f o r
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5t h e  e x i s t e n c e  o f  v a r io u s  q u i n t i c  d e s ig n s  a re  g iv e n ,  t o g e t h e r  w ith  some 
s e t s  o f  p a ra m e te rs  f o r  which q u i n t i c  d e s ig n s  do n o t  e x i s t .  In  C h ap te r  
IV, t h e  b lo c k  s t r u c t u r e  o f  two ty p e s  o f  q u i n t i c  d e s ig n s  i s  examined. 
The a n a l y s i s  o f  v a r i a n c e  o f  an example i s  c a r r i e d  o u t  i n  th e  s ta n d a r d  
manner i n  C hap te r  V.
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CHAPTER I I  
QUINTIC DESIGNS
^ 1 D e f in i t i o n  o f  a Q u in t i c  Design and D is c u s s io n  o f  R e la te d  P a ram e te rs  
A q u i n t i c  d e s ig n  i s  a f iv e -d im e n s io n a l  p a r t i a l l y  b a la n c e d  
in c o m p le te  b lo c k  d e s ig n  h a v in g  s 5 t r e a tm e n ts  (s> 2) which a re  d iv id e d  
i n t o  f i v e  c l a s s e s  and a r ra n g e d  in  b b lo c k s  such t h a t  any g iven  t r e a tm e n t  
ap p ea rs  w i th  eve ry  o th e r  t r e a tm e n t  i n  th e  i - t h  c l a s s  i n  A^  b l o c k s ,  (A^ 
c o n s ta n t  f o r  a l l  t rea tm e n ts ) ,  ( i  = 1 , . . . , 5 ) .  The s 5 t r e a tm e n t s  a re  
numbered as fo l lo w s :  th e  t r e a tm e n t  (ct,3 ,Y,<$,£) i s  t r e a tm e n t  number t ,
where
Two t r e a tm e n ts  ( a , 3 }e)  and ( a 1, g 1, y ' , 6 1, e ' )  a re  c a l l e d  i - t h  a s s o c i a t e s  
( i  = 1 , . . . , 5 )  i f  th e y  d i f f e r  i n  i  o f  t h e i r  f i v e  c o o r d in a t e s .  Each t r e a t ­
ment h as  n^ i - t h  a s s o c ia t e s ,  where
t  = ( a - l ) s 4 + (3 - l ) s 3 + ( y - 1 ) s 2  + (<5-l)s + e .  (2 . 1 . 1)
n^ = 5 ( s - l
n 2 = 10 ( s - l ) 2 
n 3 = 10 ( s - l ) 3 
n 4 = 5 ( s - 1)4
n 5 = ( s - 1)5
(2 . 1 . 2)
E n . = s 5 - l  
i = l  1
( 2 .1 .3 )
6
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7Let t r e a tm e n ts  t ,  and t_  be i - t h  a s s o c i a t e s .  Then p*.1 2 r jk
d e n o te s  th e  number o f  t r e a tm e n t s  which a re  i - t h  a s s o c i a t e s  o f  t ,  andJ 1
k - t h  a s s o c i a t e s  o f  t ^ .  The p a ra m e te rs  p ^  can be o b ta in e d  by  c o n s id e r in g
any t r e a tm e n t  t j  and any one o f  i t s  i - t h  a s s o c i a t e s  t 2 and c o u n t in g  th e
number o f  t r e a tm e n ts  whose c o o rd in a te s  d i f f e r  from th o s e  o f  t ^  i n  j
3p la c e s  and from th o se  o f  t 2 in  k p l a c e s .  To o b ta in  p 2 3 > f ° r  exam ple , 
th e  t r e a tm e n t s  t ^  = ( a ,B ,Y ,6 ,£ )  and 12 = ( a , B , y ’ , 6 ' ,£*) a re  chosen as 
r e p r e s e n t a t i v e  t r e a tm e n ts  which a re  t h i r d  a s s o c i a t e s  (y^y * , 6^6 1, e ^ e ' ) . 
Second a s s o c i a t e s  o f  t^  assume any one o f  th e  forms
( x , y , y , 6 ,e )  x ^ a  y?*B
(x,B ,y ,<5,e) x f a  y j y
( x ,B ,y ,y ,e )  x^a  y / 6
( x ,B ,y , 6 ,y )  x^a  y^e
( a , x , y , 6 ,e )  x?*B y^Y
( a , x , y , y , e )  x?«B
( a , x , y , 6 ,y )  x^B v H
( a , B ,x , y , e )  x^y y / 6
( a , B , x , 6 ,y )  x^y y f c
( a ,B ,y ,x ,y )  x?6 y£e  .
For each o f  th e  s e c o n d , . . . , s e v e n th  o f  th e  above fo rm s,
(s-1) third associates of t^ arise - for example, (a>3 ' »Y, S , e ' )  f o r  the
s e v e n th  form - and f o r  each o f  th e  e i g h t h ,  n i n t h  and t e n t h  fo rm s,
2(s -1 )  t h i r d  a s s o c i a t e s  o f  t 2 a r i s e .  For th e  t e n t h  form, f o r  i n s t a n c e ,  
t r e a tm e n t s  ( a ,B ,Y ,w ,z ) ,  w ^ 6 ,5 ' ,  z ^ e , e ' ,  a r e  t h i r d  a s s o c i a t e s  o f  t r e a tm e n t  
t 2 . Thus p 23 = 6 ( s -1 )  + 3 ( s - 2 ) 2 .
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8The numbers p ^  may be c o n v e n ie n t ly  d i s p la y e d  b y  form ing 
th e  6 x 6 m a t r ic e s
Pk = Cpi k ) j  = Q*1 * - - * , 5)
in  which p?. = n . i f  i  = k * ik  1
= 0 o th e rw is e
Pok = 1 i f  j  = k
= 0 o th e rw is e .
Thus, t h e  e lem ent in  th e  i - t h  row and th e  j - t h  column o f  th e  k - t h  m a tr ix
i s  p ik  ;
For q u i n t i c  d e s ig n s ,  assumes th e  fo l lo w in g  forms: 
PQ = I g ,  t h e  6 x 6 i d e n t i t y  m a t r ix .
pi-
0 1 0 0 0 0
5h h -1 2 0 0 0
0 4h 2 ( h - l ) 3 0 0
0 0 3h 3 (h-1) 4 0
0 0 0 2h 4 ( h - l ) 5
0 0 0 0 h 5 (h-1)
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9P2 '
0 0 1 0 0 0 
0 4h 2 ( h -1) 3 0 0
10h2 4 h ( h - l )  ( h - l ) 2+6h 6 ( h - l )  6 0
0 6h 2 6h ( h - l )  3 ( h - l ) 2+6h 1 2 ( h - l )  10
0 0 3h2 6h ( h - l )  6 ( h - l ) 2+4h 20 (h -1 )
0 0 0 h 2 4 h ( h - l )  10 (h -1 ) 2
P3
0 0 0 1 0 0
0 0 3h 3 (h -1)  4 0
0 6h 2 6h ( h - l )  3 ( h - l ) 2+6h 1 2 ( h - l )  10
10h3 6h 2 (h -1) 6h2+ 3 h (h - l ) 2 1 2 h (h - l )  1 2 ( h - l ) 2+6h 3 0 ( h - l )
+ ( h - l ) 3
0 4h3 6h 2 (h-1) 3h2+ 6 h (h - l ) 2 1 2 h (h - l )  3 0 ( h - l ) 2
+4 (h -1 )  3
0 0 h 3 3h 2 ( h - 1) 6h ( h - l ) 2 10 ( h - l ) 3
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P4
0
0
0
0
0
0
0
4h‘
5h4 4h3 ( h - l )
0
0
3h2
6h 2 ( h - l )
3 2 2
2h +3h (h-1)
2h ( h - 1)
0
2h 
6h ( h - l )  
3h2+ 6h(h-1 ) 2
6h ( h - 1)
+2h ( h - l ) 3
2 2 3h (h-1)
1
4 ( h - 1)
4 h + 6 ( h - l ) ‘
12h ( h - l )
+ 4 ( h - l ) 3
12h ( h - l ) ‘ 
+ ( h - l ) 4
4 h ( h - l ) 3
0
5
20 ( h - 1) 
30 (h -1 )  ‘
20 ( h - 1) '
5 ( h - l )
0 0 0 0 0 1
0 0 0 0 h 5 ( h - l )
0 0 0 h 2 4 h ( h - l ) 1 0 ( h - l ) 2
0 0 h 3 3h2 (h -1) 6h ( h - 1 ) 2 10 ( h - l )  3
0 h 4 2h 3 ( h - l ) 3h2 (h -1) 2 4h (h -1)  3 5 ( h - 1) 4
h 5 h 4 ( h - l ) h 3 ( h - i ) 2 h 2 ( h - 1)3 h ( h - l ) 4 ( h - 1 ) 5
In  th e s e  m a t r i c e s ,  and s u b s e q u e n t ly ,  h = s - 1 .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
11
2 .2  The In c id e n c e  M a tr ix  as a C h a r a c t e r i z a t i o n  o f  Q u in t i c  D esigns
The in c id e n c e  m a t r ix  N as  d e f in e d  in  S e c t io n  1 .1  p o s s e s s e s  
c e r t a i n  p r o p e r t i e s  which a re  u s e f u l  in  e s t a b l i s h i n g  th e  e x i s t e n c e  o f  
q u i n t i c  d e s ig n s .  More s p e c i f i c a l l y ,  th e  p r o p e r t i e s  o f  NN' and , in  
p a r t i c u l a r ,  th e  e ig e n v a lu e s  o f  NN' a re  o f  im p o rtan ce .  In  t h i s  s e c t i o n ,  
th e s e  p r o p e r t i e s  a re  n o te d .  F u r t h e r ,  NN' i s  e x p re s se d  i n  te rm s o f  
c e r t a i n  more e le m e n ta ry  m a t r ic e s  which w i l l  be u sed  in  l a t e r  
deve lopm en ts .
row and th e  j - t h  column i s  th e  number o f  b lo c k s  in  t h e  d e s ig n  in  which 
t r e a tm e n t s  i  and j  ap p ea r  t o g e t h e r .  NN' i s  th u s  a sym m etric m a t r ix .  
E lem ents  on th e  p r i n c i p a l  d ia g o n a l  a re  eq u a l  t o  r ,  w h ile  e lem en ts  o f f  
th e  p r i n c i p a l  d ia g o n a l  a r e  e q u a l  t o  X^,X2 ,X3 ,X4 o r  Xg. Each row c o n ta in s  
r ,  n j  X j ' s ,  n 2 *2 ' s > • ••»  n 5 ^5 ' s> (1«1*1)» th e  sum o f  each row i s
+ (s - l)^X j.  = r k .
Let I den o te  t h e  n x n i d e n t i t y  m a t r ix ,  E   th e  m x n m a t r ixn mny
hav ing  p o s i t i v e  u n i t  e lem en ts  everyw here  and © ,  th e  K ronecker p ro d u c t  o f  
m a t r i c e s  (Appendix, S e c t io n  A . l ) .  NN' may th u s  be w r i t t e n
The s5 x S5 m a t r ix  NN' i s  such t h a t  th e  e n t r y  i n  t h e  i - t h
5
E n . X, + r  = rk .  
i= l
For q u i n t i c  d e s ig n s ,
r  + 5 ( s - l ) X i  + 1 0 ( s - 1 ) 2X2 + 1 0 ( s - l ) 3X3 + 5 ( s - l ) 4X4
where
(2 . 2 . 1)
(2 . 2 . 2)
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P a 
•
I s ®  « 0 o
1 + Es s Y0
Q = I s ®  <Yo + Es s Z0 ( 2 .2 .3 )
R = 0 I s ®  (Zo -wo) + Ess ® W0
a re 3 3 s x s m a tr ic e s 1 •
X = 0 I s ®  (A_ - M + Ess B
Y = o I s ®  CB - Co) + Es s ® C0
(2 .2 .4 )
Z = 0 1s ®  (Co + Ess ® D0
W = 0 I s ®  C0o - G ) + Ess ® G
a re 2 2 . s x s m a tr ic e s ; and
A. = ( r - X1J I S + V Ess
B = C*i - X2 > h + X2 Ess
C = o (*2 - V r s + X3 Es s (2 .2 .5 )
D = 0 - \ n s + X4 Ess
G = <X4 - y i s + X5 Ess
a re s  x s m a t r i c e s .
The s u b s t i t u t i o n  o f th e e q u a t io n s ( 2 .2 .5 ) i n t o  ( 2 .2 .4 ) y i e l d s
X = 0 I s ®  f(r-2X l +V Zs * a r V Es s l + (Xr A2)E ®  1 s s  w  s
+ X2 E 2 2 s s
= ( r - 2 X  * X 2) I  2 *  E 2 ,
S s  s
(2 . 2 . 6)
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V - . ^ W 1 2+CV V Cls ®  Ess+Ess ®  V
+X E 2 ( 2 . 2 . 7 )
s s
Z = (X2 - 2 X 3+X4 ) I  2 + ( X 3 - X 4) ( I s ® E s s+ E ® I s ) +X4 E 2 2
s s s
(2 . 2 . 8)
W = CX5 -2X4 *X5 ) I  2 * a 4 -X5 ) ( I s ® B  +E ® I s ) * X  E 2 2 .
s s s
( 2 .2 .9 )
E q u a t io n s  ( 2 .2 .6 )  , . . . , ( 2 . 2 . 9 )  a re  s u b s t i t u t e d  i n t o  ( 2 . 2 . 3 ) .
P = ( r - S X  *3 A -X ) ! '  ■♦ (X -2X  ♦ X j H I  2 ® E $S *
s s
I S © E S S ® I S *  Es s ® I  2 ) + (X2 - X 3 ) CEs s  ®  I s  ®  Es s
+ E 2 2 ® I s + I s ® E 2 2^ + X 3 E 3 3  s s s s s s
Q = ( X r 3X2 + 3X -X ) I  3 ♦ (A2 - 2 X 3+X4) ( I  2 ®  E ^  +
s s
i s ® E s s ® I 3 » es s ® i  2) ♦ CX3 - x4) ( es s ® i s ® es s
+ E 2 2 ® I  + I s ® E 2 2 )  *  >4 e  j  j
S S S S S S
Ro = (X2 _3X3+3X4 “X5) I  3 + .(X3"2X4+X5)CI 2 ® E s s  +s s
h ® Es s ® I B + Es s ® T 2> + ( X 4 - X 5 ) ( I s ® E  2 2
s s
+  E SS ®  1 S  ® E SS +  E 2 2 ® V  + X5 E 3 3 ’s s s s
{2 .2 . 10)
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The s u b s t i t u t i o n  o f  th e s e  e x p re s s io n s  f o r  P , Q and R• • o
i n t o  (2 . 2 . 2) y i e ld s
J -  Cr-4A *6* -4X * 1 ) 1  4*(» -3X *3X -X ) ( I  3 ® E SS -
s s
1 2 ® Es s ® I s *  h ® ^ ® 1 2 *  ' ' s s ® 1 3’  s s s
V ( X 2 -2X n  H I  2 ® E  2 2 + I s ® E s s ® I s ® E s s
s s s
+ 1 ®  E 0 0 ®  I + E  (x) I ®  E + E  ®  I_ ®  Es ^  2 2 w s s s  w  2 s s  s s  w  s w  ss.s s s
® I s + E 2 2 ® I 2-) + -^3~*4^ ( I s ® E 3 3 s s s s  s
+ Es s ® I s ® E 2 2 + E 2 2 ® I s ® Es s  + E 3 3 ®  Vs s s s . s  s
+ *4 E 4 4 . ( 2 .2 .1 1 )
s s
K„ = (X -4X2rtX  -4X4»X ) I  4 * CX2 -3X *31 -* 5)
s
a  ® E  * 1 2 ® E  ® I  * 1 ® E  ® I  2
s s s
* E ® I  ) * a  - 2X„*X H I  2 ® E  2  2
s s  s s
* I s ® E s s ® I s @ E s s  * I S ® E  2  2 ® ! s
s s
* E ® I  2 ® E  * E ® I  © E  © I  * E 2  2 ® I  j )
s s s s
* (X4 -X5) CIS ® E  * E ® I S ® E  2  2
s s s s
* E 2 2 ® Ts ® Es s  + E 3 3 ® V  * X5 E 4 4 •s s s s s s
(2 . 2 . 12)
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F i n a l l y ,  th e  s u b s t i t u t i o n  o f  (2 .2 .1 1 )  and ( 2 .2 .1 2 )  i n t o  
(2 .2 . 1) y i e l d s
NN' = (r-5X 1+10X2 -10X3+5X4 -X5)F o 
+ (X^-4X2+6X3 -4X4+Xg)Fj
where
(2 .2 .1 3 )
+ (X2 - 3X3+3X4 -X5) F 2
+ ^ 3 - 2V W CX4 - X5)F 4 + X5 V
F1 = 1 4 ® ESS + 1 3 ®  Es s  ®  ! s + 1 2 ® Es s ® 1 2 s s s  s
♦ I ® E  ® I  3 .  ES S ® I  4
v =  1 j ® E 2 2 * 1 2 ® ES S ® TS ® ESS * 1 2 ® E 2 2 ® Ts
S S S S S S s
*  2 ® E s s  *
S
* I ® E  2 2 ® I  2 -  ESS© I  3 ® E ss  ©  
s s s s
+ Es s  ®  1 2 ® Es s ® h * Es s ® 1s ® % s ® 1 2
* E 2 2 ®  1 3s s s
F3 = 1 2 ® E 3 3 + I s ® Bs s ® I s ® E 2 2 s  s s s s
+ I s ® E  2 2 ® I s ® E s s  + I s ® E  3 3 ® I s 
s s s s
-  ES S ® I  2 ® E  2 2 + Es s ® I s ® E s s @ I s ® E sss s
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+ E ® I  ® E  2 ® I s ♦ E 2 2 ® I  2 ® E s s  
s s s s s
* b 2 2 ® i s ® e  ® i  * b  ® i 2
s s s s s
I
F4 -  I s ® E 4 4 ♦ Es s ® h ® B 3 3 * E 2 2 ® h ® E 2 2 s s  s s s s  s s
-  E 3 3 @ I s ® Ess * E 4 4 ® ! s s s s s
F5 = E 5 5 •
(2 .2 .1 4 )
2 .3  The C h a r a c t e r i s t i c  Roots o f  NN1
An e x p r e s s io n  f o r  NN' which i s  u s e f u l  i n  th e  d e te rm in a t io n
o f  t h e  e ig e n v a lu e s  o f  NN’ i s
5
E X, B. 
k =0 k “
NN' = A. ,  ( 2 .3 .1 )
where XQ = r ,  Bq = I 5 and B^ = 0 ? k ) , (k = 1 , . . . , 5 )  ( i , j  = l , . . . , s  ) .
s
The e n t r y  b?^ i n  th e  i - t h  row and th e  j - t h  column o f  th e  m a t r ix  B^ i s
one i f  t r e a tm e n ts  i  and j  a re  k - t h  a s s o c i a t e s  and ze ro  o th e rw is e .  B^
i s  a  sym m etric  m a t r ix  and i t s  row and column sums a re  each n ^ .  (nQ = 1) .
I t  h as  been  shown (Bose and Mesner (1959)) t h a t ,  i f
m m
B = , E c, B, and P = E c, P. , B and P have th e  same d i s t i n c t  e ig e n -  
K=U K K K=0 K K
v a lu e s  and t h a t  ev e ry  m a tr ix  B h as  a t  most m+1 d i s t i n c t  e i g e n v a lu e s .
I t  h as  a l s o  been  shown ( ib i d )  t h a t ,  i f  th e  e ig e n v a lu e s  o f  P^ a re
(u = 0 , 1 , . . . , m ) ,  t h e n ,  f o r  a  s u i t a b l e  o rd e r in g  o f  z ^  f o r  each k ,  th e
m
e ig e n v a lu e s  o f  th e  m a t r ix  P a re  9U = £ z For f ix e d  u ,  th e
k =0
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e ig e n v a lu e s  s a t i s f y  th e  r e l a t i o n s  z ^  = ,E^ z ^ .  (T h is  i d e n t i t y
i s  u s e f u l  i n  e s t a b l i s h i n g  th e  o r d e r in g  o f  z , ) .  I f  a  (u = 0 , 1 , . . .  ,m)
UK U
r e p r e s e n t s  th e  m u l t i p l i c i t y  o f  0^ ,  th e n
m
E a z . = v  f o r  k = 0 
u=0 u ( 2 .3 .2 )
= 0 f o r  k = 1 , 2 , . . . ,m.
Thus, f o r  q u i n t i c  d e s ig n s ,  ( 2 .3 .2 )  r e p r e s e n t s  a system  o f  m+l=6 
e q u a t io n s  i n  m+1 unknowns:
( o t Q . a ^ a ^ a ^ a ^ a ^ Z  = ( v , 0 , 0 , . . .  ,0) . ( 2 .3 .3 )
5
For NN‘=^E^ B^, th e  e ig e n v a lu e s  a re
5
0 = E \  z , , u  k =0 *  uk
w ith  m u l t i p l i c i t i e s  au , (u = 0 , 1 , .  . .  , 5) .
The e ig e n v a lu e s  o f  P^, found by s o lv in g  th e  e q u a t io n s
|P ^  -  z l 6 | = 0 , a r e  as fo l lo w s :
Z00 = Z10 = Z20 = Z30 = Z40 Z50 = 1
Z01 = 5h z02 = 101,2
z n  = 4 h - l  z = 2h (3h-2 )
z ^  = 3h-2 z 22 = 3h^-6h+l
2
z ^  = 2h-3 z^2 = h -6h+3
z . n = h -4  z . ~  -  -4h+641 42
Z51 = “5 z52 = 10
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Z03 ~ 10h Z04 ” 511 Z05 ~ h
3 2 4 3 4Z j j  = 4h -6h z 4^ = h -4h z^^ = -h
z0_ = h 3 -6h2+3h z0/l = -2h3+3h2 z „  = h 323 24 25
2 2 2 Zgg = -3h +6h - l  z = 3h -2h z ^  = -h
z ._  -  6h-4  z . .  = -4h+l z . c = h43 44 45
zc _ = -10 z_ .  = 5 z rc  = -153 54 55
Thus ,
0Q = r+5hX1+10h2X2+10h3X3+5h4X4+h5X5
Q1 = r + ( 4 h - l ) X 1+C6h2 -4h)X2+(4h3 -6h2)X3+(h4 -4h3)X4 -h4X5
e2 = r+ (3 h -2 )X 1+(3h2 -6h+ l)X 2+ (h 3 -6h2+3h)X3+ (-2 h 3+3h2)X4 
, 3 ,+ h x5
03 = r+ (2 h -3 )X 1+ (h 2 -6h+3)X2+ (-3 h 2+ 6 h -l)X 3+C3h2 -2h)X4 -h 2X5
04 = r+Ch-4)X1+(-4h+6)X 2+(6h-4)X 3+ (-4h+ l)X 4+hX5
05 = r-5X 1+10X2 -10X3+5X4 -X5<
( 2 . 3 . 4 )
These s ta t e m e n t s  f o r  0 may be w r i t t e ni u  '
(0Q, 0^ 02 , 02 , 04 , 03) '  = Z ( r , X 1 ,X2 ,X3 ,X4 ,X5) '  . ( 2 . 3 . 5 )
The s o l u t i o n s  f o r  ( 2 .3 .3 )  f o r  v = s 5 a re
a0 = 1 
Oi^  = 5h
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a2 = 10h 2
= 10h 3
c. 4  a .  = Sh
4
“s ■ h
Thus, ik = ol . T h is  r e s u l t  i s  s t a t e d  i n  th e  fo l lo w in g
theorem :
Theorem 2 .3 .1
Let N be th e  in c id e n c e  m a t r ix  o f  a q u i n t i c  d e s ig n .  The 
m u l t i p l i c i t y  o f  th e  e ig e n v a lu e  0^ o f  NN* i s  equa l  t o  t h e  number o f  
i - t h  a s s o c i a t e s  o f  any t r e a tm e n t  i n  th e  d e s ig n ,  ( i  = 1 , . . . , 5 ) .
An im mediate consequence o f  t h i s  theorem  i s  t h a t
5 5
0n = E a .  A. = E n . A. = r k ,  by ( 1 . 1 . 1) .
u i =0 1 1 i=Q 1 1
The m u l t i p l i c i t y  o f  0q i s  cXq = n^ = 1.
An i n t e r e s t i n g  r e l a t i o n s h i p  e x i s t s  betw een cl 0^ and r v .
By ( 2 . 3 . 3 ) ,  (Oq , ^ ,  . .  . , a 5)Z = ( v , 0 , . . . , 0 )
(Kq , otj , . . . , o ^ ) Z ( r , A ^ , . . . , Ag) * — v r
(aQ , a ^ , . . .  , a 5 ) (0Q J 0 J > • • • ,0 5) * = v r ,  by  ( 2 . 3 . 5 ) .
5
E a .  6 - = v r  ( 2 .3 .6 )
i =0 1 1
5
E a j. = r ( v - k )  , s in c e  0^ = rk
i = l
= k ( b - r ) ,  s in c e  v r  = bk .
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2 . 4  Some P r o p e r t i e s  o f  th e  M a t r ix  Z
Z i s  an (m+l)x(m+l)  m a t r i x  whose k - t h  column i s  compr ised
o f  th e  e ig e n v a lu e s  zuk o f  Pk , (u ,k  = 0 , 1 , . . . , m) a p p r o p r i a t e l y  o rd e re d
m
by means o f  the  i d e n t i t y  z . z , =  S p . t  z . ,  ( j  = 0 , 1 , . . . , m).  S ince
u j  uk i  =0 J
z ^  a r e  a l s o  t h e  e ig e n v a lu e s  o f  r e a l  symmetric  m a t r i c e s  Bk , Z i s  a r e a l
m a t r i x .  Z i s  n o n - s i n g u l a r  (Bose and Mesner (1959), Theorem 6 . 2 ) .
For q u i n t i c  d e s i g n s ,  t h e  e n t r i e s  i n  Z a r e  a l l  po lynom ia l  
f u n c t i o n s  o f  s .  S ince  s i s  an i n t e g e r ,  ( s > 2 ) , t h e  e n t r i e s  i n  Z a r e ,  
t h e r e f o r e ,  i n t e g r a l .
The sum o f  t h e  e n t r i e s  i n  t h e  f i r s t  row o f  Z f o r  q u i n t i c
5
d e s ig n s  i s  s and t h e  sum o f  eve ry  a d d i t i o n a l  row i s  z e r o ,  t h a t  i s ,
- ** 5
■ E z -  = s 5 ( 2 .4 . 1 )
i =0 U1
5
E z = 0 ,  (u = 1 , 2 , . . . , 5 ) .  
i =0 u l
2 5I t  i s  e a s i l y  shown t h a t  Z = s 1^,  f o r  q u i n t i c  d e s i g n s .
2 5 5This  i m p l i e s  t h a t  |Z - s  I ^ |  = 0 ,  t h a t  i s ,  t h a t  s i s  an e i g e n v a lu e  f o r
Z^. In  g e n e r a l ,  s^n i s  an e ig e n v a lu e  f o r  Z^n , n a p o s i t i v e  i n t e g e r .
2 .5  The A n a ly s i s  o f  Q u in t i c  Designs
The assumed model for the intrablock analysis is the
a d d i t i v e  one
Y . . = y + t .  + 3.  + e . . ,  ( 2 . 5 . 1 )i  j  1 3 ’ 1
where i s  t h e  y i e l d  o f  t h e  p l o t  i n  t h e  j - t h  b lo c k  t o  which th e  i - t h
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t r e a t m e n t  i s  a p p l i e d ,  y i s  t h e  g e n e ra l  e f f e c t ,  i s  t h e  e f f e c t  o f  th e
i - t h  b l o c k ,  t .  i s  t h e  e f f e c t  o f  t h e  i - t h  t r e a t m e n t  and th e  e . . a r e  J * 1 13
2
i n d e p e n d e n t ,  normal v a r i a t e s  h av in g  z e ro  mean and common v a r i a n c e  o .
Let T\ be t h e  t o t a l  y i e l d  o f  a l l  t h e  p l o t s  r e c e i v i n g  th e
i - t h  t r e a t m e n t  and B .  be t h e  t o t a l  y i e l d  i n  t h e  j - t h  b l o c k ,  t h a t  i s ,
r  k
Ti  = S Yi  > B ,  = E Y , . ,  ( 2 . 5 . 2 )
( j )  3 3 ( i )  3
where t h e  f i r s t  sum i s  t a k e n  over  a l l  r  b lo c k s  c o n t a i n i n g  t r e a t m e n t  i ,  
and t h e  second sum i s  t a k en  o ve r  a l l  k t r e a t m e n t s  c o n t a in e d  i n  t h e  
j - t h  b l o c k .
A
Let tj, be  a s o l u t i o n  f o r  t ^  i n  th e  normal e q u a t io n s  and
denote  t h e  column v e c t o r s  (T^,T2 , . . . , T  5) 1, ( B ^ ,  B 2 > • • • } B ^ )  1,
^ s
( t j  , t 2 , . . . .  , t  ,.) ' and ( t 1 , t 2 , . . . , t  5 ) ' by T , B ,  t ,  and t ,  r e s p e c t i v e l y .s s — _  _  _
The reduce d  normal e q u a t io n s  f o r  t h i s  model (Kempthome (1952))  a re  as
f o l l o w s :
where
and
Q = C t  , ( 2 . 5 . 3 )
Q = T - N f i  ( 2 . 5 . 4 )
C = r  I  5 - J -N N ' .  ( 2 . 5 . 5 )
s
Thus ,  Q i s  t h e  s 5x l  column v e c t o r  o f  a d j u s t e d  t r e a t m e n t  
t o t a l s  such  t h a t
1 r
Q = T -  i -  I  B  . • ( 2 . 5 . 6 )
. r  ( i )  3
where Z B •>i s sum t h e b lo c k  t o t a l s  f o r  t h e  r  b lo c k s  i n  which
( i )  3
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t r e a t m e n t  i  a p p e a r s .  From t h i s  d e f i n i t i o n ,  i t  fo l lo w s  t h a t  
5s
I  Q. = 0 .  ( 2 . 5 . 7 )
i = l  1
The c h a r a c t e r i s t i c  r o o t s  o f  C = r  I ^ -  ^-NN' a r e  c l e a r l y
s
^ i  = r  " F  6i * ( i  = ( 2 . 5 . 8 )
w i th  r e s p e c t i v e  m u l t i p l i c i t i e s  ou ( i  = 0 , 1 , . . . , 5 )  as g iven  by Theorem 
2 . 3 . 1 .
The i d e n t i t y
1 -^ i  -X,.
^  Z(4*0 , . . .  , « 5)* = ( r  - £ ,  ^ . . . , - j A ) .  ( 2 . 5 . 9 )
s
i s  e s t a b l i s h e d  as f o l l o w s :
Z(cf>0 , .. .,<f>5) '  = Z ( r , r , . . . , r ) '  - ^  Z(0O, . . . , 6 5) '
= ( s 5 r , 0 , . . . , 0 ) '  - i z 2 ^ , . . . ^ ) '
by ( 2 . 4 . 1 )  and ( 2 . 3 . 5 ) .
5 s 5= (s r , 0 , . . .  , 0 ) ' -  £ -  ( r ,X ][, . . . , X 5) ' ,
■72 5 Ts i n c e  Z = s .
c -X, -Xc
= s ( r  - *  —  —) 1k ’ k »• ••» k J *
T h u s , X X
- 5- z (4*0 »• • • »4>s ) ’ = ( r  - p - £ -
s
The s p e c t r a l  decom posi t ion  (Appendix,  S e c t i o n  A .2) o f  th e  
m a t r i x  C i s  o b t a in e d  as f o l l o w s :
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b y  ( 2 . 5 . 9 )
c = r  I $ - £-NN’ 
s
= .,B5)(r - p  -p-, • • • 1
= “ 5^Bq,B j ,  . . .  ,Bj.)Z((J)q, . . .  ,<j)g) '
S
= [5hB0+ ( 4 h - l ) B 1+(3h-2)B2+(2h-3)B3+(h-4 )B 4 -5B5i
s  J
* [ l 0 h 2B0+2h(3h-2)B1+(3h2 -6h+l )B 2+ (h2 -6h+3)B3
+ (6-4h)B4+10B5J
+ ^  f ' l0h3B0+(4h3 -6h2)B 1+(h 3 -6h2+3h)B2+ ( - 3 h 2+6h- l )B ,
S '
+ (6h-4)B4 -10B5J
4 s
■ ♦ s
j^5h4B0+ (h4 -4h3) Bj+ ( -2 h 3+3h2) B2+ (3h2 -2h) B3
+ ( l -4 h )B 4+5B5J
T  fh 5 Br. - h 4 B1 +h3B -h 2 B_+hB . - B cl  s L O  1 2 3 4  5J
4  (sf4-5f5 ) '  t t  (s2v 4siv io iys s
.  4  ( ! 3F2 - 3 s 2 F * 6 s F -1 0 F s )
S
+ ^  ( s 4 F 1 - 2 s 3F2 +3s 2 F3 - 4 s F4 +5F5 ) 
s.
$5 5 4 3 2+ 4 ( S f0 - s 4 f 1. s 3 F2 - s F . s F  - F ) .
s
= cf>1A1+^2A2+<|)3A3+<(>4A4+<j)5A5 ( 2 .5 .1 0 )
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This  d e r i v a t i o n  a f f o r d s  an a d d i t i o n a l  e x p r e s s i o n  f o r  F^,  
( i  = 0 , 1 , . . . , 5 ) ,  o b t a i n e d  i n  S e c t io n  2 . 2 . 1 .
F0 = B0
F1 = 5B0+B1 
F2 = 10B0+4B1+B2
F3 = 10B0+6B1+3B2+B3
F .  = 5Bn+4B.+3B0+2B_+B.4 0 1 2 3 4
5
F = E B. = E '_  c .5 iaO i  ■ 5 5
s s
That  t h e s e  F^ ' s  a r e  t h e  same m a t r i c e s  i s  e a s i l y  v e r i f i e d  by th e  
s u b s t i t u t i o n  o f  the  above e x p r e s s i o n s  i n  NN' i n  ( 2 . 2 . 1 3 ) .
5 ?r
More p r e c i s e l y ,  C = E (Jk A^, where A_ = .
i -0  c
T h u s ,
5
I  r = £ A
s 5 i =0 1
I t  has  been shown (Shah (1959) ,  Lemma 2 .1 )  t h a t
t  = (C+aE 5 5) _1 Q, 
s s
where a i s  any n o n -z e ro  r e a l  number,  i s  a s o l u t i o n  o f  ( 2 . 5 . 3 ) .  
T h e r e f o r e ,
t ■ [ . * ,  - i u - E 5 s " U  C2-5 -u )|_ i= l  x as s s I
i s  a s o l u t i o n  o f  ( 2 . 5 . 3 ) .  S ince  
5s
Z Q. = 0 ,  
i = l
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5 A. 
t  = ( E _ i )  Q. 
i = l  * i
( 2 . 5 . 1 2 )
Let Z Q., deno te  t h e  sum o f  t h e  Q. f o r  a l l  t h o s e  t r e a t m e n t s
iK  J
t h a t  a r e  k - t h  a s s o c i a t e s  o f  t r e a t m e n t  i .  Thus,
t .  * - L -  (5s -5)Q. + (4s -5)  EQ.1+ (3s -5)  ZQi 2+ (2 s -5 )  ZQi 3
^ s b L
+ ( s -5 )  ZQ.4-5  EQi s ]
1 0 ( s - l ) 2 Q^+2( s - 1 ) ( 3 s - 5 )  EQi l + ( 3 s 2-12s+10)EQi2
4*2
+ ( s 2 -8s+10)  ZQi 3+(1 0 -4 s )  EQii4 * 10 E<3 is ]
— ig. 1 0 ( s - l ) 3Qi + ( 4 s 3- 1 8 s 2+24s-10) EQi]L
6 s L 
3
+ ( - 3 s 2+12s-10) EQi 2+ ( - 3 s 2+12s-10) EQi 3
+ (6s-10)  EQ.4-10 EQ.5j  
[ •
+ — —  1 5 ( s - 1 ) 4 Q. + ( s 4 - 8 s 3+18s2-16s+5) EQ
d> s 5 L 1 1
4
+ ( - 2 s 3+9s2-12s+5) EQi 2+ ( 3 s 2-8s+5) ZQ. 3
+ (5-4s)  EQ.4+5 EQ.
r h - [ '
■]
( s - 1 ) 5 Q . - ( s - l ) 4 EQ.1+ ( s - l ) 3 EQi2
V
- ( s - l ) z ZQi 3+ ( s - l )  ZQi 4 - EQ
Upon s i m p l i f i c a t i o n ,
“ ]■
- i c i o  Q - 4  ZQi l +  EQ.2 ) ( i -  - 2 -  .  i_ )
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+i^.(10Qi + 6EQi l + 3EQi 2 + ZQi 3 3 (j -  -
* - 3-CSQ±+4EQii+3EQi2+2EQi3+ZQi 4 )
1 4_  6_  4_  1_.
4*1 <f>2 ^3 $4 + ^5
( 2 .5 . 1 3 )
A c o n t r a s t  - t^  be tween  two t r e a t m e n t s  may th u s  be
e s t i m a t e d  by
1 i
t .  - t .  = -r—(Q--Q-) +7I  J H’S 1 J S (7 7 - 7 ?
T - j lO  (Qi -Q .) *4 (EQj r EQ. ♦ (EQi 2-EQj  2)1
( i _  _ 2_  + 1^
<t>3 <t> 4 <j>5
• t o ( Q i -Q j )+ 6 (E Q l r EC!: j l )+3(ZQ1 2 -EQ:j
>J3)J <-J*(EQi 3 -EQi
3 _  + 3_  _1_
<j>9 <K $A ^ C
5(Qi -Qj ) +4(EQi l -EQj l ) +3(EQi 2-EQj 2 ) 
+2 (EQi 3-EQj 3 ) + (EQi 4 -ZQj 4 )
♦ l  <f>2 ^3 ^4 ^5
I f  an e s t i m a t e  o f  such a t r e a t m e n t  c o n t r a s t  can be  w r i t t e n  
as - a jT j  p l u s  a r em a inder  n o t  i n v o l v i n g  e i t h e r  o r  T j , t h e
A A A A A
v a r i a n c e  o f  t ^  - t . ,  V a r ( t ^  - t ^ )  = (a^ + a ^ ) a  , (Kempthorne (19 5 2 ) ) .
In t .  -  t . ,  f o r  t h e  case  i n  which t r e a t m e n t s  i  and j  a r e  f i r s t  a s s o c i a t e s ,  x j  J ’
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w i l l  appea r  in  and EQji w h i l e  Tj w i l l  appea r  i n  Qj and E Q ^ .  
Hence,  in  t h i s  c a s e ,
- Tl 4,1 1 , 6 A:. - t . = I —- + —(------ — J +— (—1 J [<f>5 s <f>4 <j>5 s2 <t>3 ^4 *5
+4 1  _ 3_  + 3_  _ 1_
+s 3 <J>2 “ <f>3 + U  " <l>5
+1 ( i _  _ i _  + 1 _  _ 4_ + 1 ^
s ^1 ^2 ^3 ^4 ^5
(Ti  -  T^)
Thus,
p l u s  o t h e r  te rm s  in v o l v i n g  n e i t h e r  n o r  T >.
[ J L  
b i
( s - l ) 4 l
+ “ j
^  r   ^ 2° 2 I 1 4 ( s - 1) 6 ( s - l ) 2Var ,  ( t . - t . ) = —t ~ 7— + 4 — “  + — i— —  1 l  j  g4 I 4>x ^2 ^3
4 ( s - l ) 3 - i r  1 , (2 .5 .14)
where th e  s u b s c r i p t  " 1" i n d i c a t e s  t h a t  t r e a t m e n t s  i  and j a r e  f i r s t  
a s s o c i a t e s .  S i m i l a r l y ,  i f  t r e a t m e n t s  i  and j a r e  k - t h  a s s o c i a t e s ,  
w i l l  a p p e a r  in  Qi  and EQj^, w h i l e  Tj w i l l  appea r  i n  and EQifc,
(k = 2 , . . . , 5 ) .  The c o r r e s p o n d in g  v a r i a n c e s  o f  t h e  t r e a t m e n t  d i f f e r e n c e s  
a r e :
v a r , ( t .  -  t . )  = 24 -V - - ^ 1  * I g s ^ a i s ^ l
2 1 J s L<i>i ^2 ^3
. (5B-8) ts-l)2  ^ (s-2)Cs-1)51 (2515)
<(>4 5^ J
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v a r ,r f .  - t o  -  i d  + i 2 i i i l  *
3 1 J g4 x +2 <l>3
+ ( s 2 - 3 s + 3 ) ( s - 1 ) 21
+5 J
( 5 s 2 - 1 5 s + 1 2 ) ( s - 1 )1 ' 1,1    «
^4
( 2 .5 . 1 6 )
 __     >s+12)
4 V 1 Y  s 4 l ^ l  ^2 ^3
Var f t ' t  ) -  f ± -  + 2 (5 s ~8) + 2 ( 5 s 2 - 1 5 s + 1 2 )
. (5 s3 - 2 0 s 2+30s-16) . ( s - 1 ) ( s - 2 ) ( s 2 -2s*f* •''»■» ' 1 - '........ .  — « + • 1 ■ -]*5
( 2 .5 . 1 7 )
2a2 5 1 0 (s -2 )  1 0 (s -3s+3)Var ( t .  - t . )  = —  —  + — 4 — L  + —  L
5 l  j  s4 h i  ^2 ^3
+ 5 ( s - 2 ) ( s 2-2s+2) + ( s 4- 5 s 3+10s2-10s+5)
«J>4 <i>5
(2 .5 .1 8 )
S ince  each t r e a t m e n t  has  n^ i - t h  a s s o c i a t e s ,  t h e  ave rage
v a r i a n c e  f o r  a l l  p o s s i b l e  t r e a t m e n t  d i f f e r e n c e s  i s  g iven  by
5 5A.V. = E n^ Vari / s  -1
i = l
2®2 5 | 10 ( s -1 )  1 0 ( s - l ) ^
i b i  +
j-
s 4+s3+s2+s+l h i $2 ^3
+ -5.ls.~.1i . 5. + I 5! - ! ! 4. ! . ( 2 .5 .1 9 )
*4 ^5 J
For a randomized b lo c k  d e s ig n  w i th  r  r e p l i c a t e s ,  th e  v a r i a n c e
?  ' 2 o f  a t r e a t m e n t  d i f f e r e n c e  i s  2a / r .  Assuming t h a t  a i s  t h e  same f o r
b o th  ty p e s  o f  d e s ig n ,  t h e  e f f i c i e n c y  f a c t o r  f o r  t h e  q u i n t i c  d e s ig n  as
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2a  / rcompared t o  t h e  randomized  b lo c k  d e s ig n  i s  -- - - * namely ,
4 3 2
S +S +S +S+1
'5_  + 10 ( s - 1 )  + 1 0 ( s - l ) 2 + 5 ( s - l ) 5 + ( s - 1)'
4>,
( 2 .5 . 2 0 )
2 .6  C o m b in a to r i a l  P r o p e r t i e s  o f  C e r t a i n  Q u i n t i c  Des igns
In  t h i s  s e c t i o n ,  c e r t a i n  c o m b i n a t o r i a l  p r o p e r t i e s  o f  a 
s p e c i a l  ty p e  o f  q u i n t i c  d e s ig n  a r e  examined.  Methods u sed  a r e  
ana logous  t o  th o s e  used  by O 'Shaughnessy ,  (1968) .
Theorem 2 . 6 . 1
In  a q u i n t i c  d e s i g n  w i th  0 = 0 ,  k i s  d i v i s i b l e  by s and
e v e ry  b lo c k  o f  t h e  d e s ig n  c o n t a i n s  k / s  t r e a t m e n t s  o f  t h e  form ( a , B , y , 6 , e ) ,
( g , y , 6 , e = l , 2 , . . . , s )  f o r  eve ry  f i x e d  a ( a = l , 2 , . . . , s ) .
P r o o f :
For a  g ive n  a ( = l , 2 , . . . , s )  and i = l , 2 , . . . , b ,  l e t  d ^
d e n o te  t h e  number o f  t r e a t m e n t s  o f  t h e  form (a,8,<5,<5,e) , ( 8 ,y,<$,e=
l , 2 , . . . , s )  t h a t  occur  i n  t h e  i - t h  b lo c k .  S ince  each  t r e a t m e n t  i s  
r e p l i c a t e d  r  t i m e s ,
I  d . = r s  
i = l  a l
4 (2 .6 .1 )
The number o f  p a i r s  o f  t r e a t m e n t s  o f  t h e  above form which 
occur  i n  t h e  b b lo c k s  i s  t h e  sum o f  t h e  number o f  p a i r s  o f  such t r e a t m e n t s  
which a r e  f i r s t  a s s o c i a t e s ,  second a s s o c i a t e s ,  t h i r d i a s s o c i a t e s  and f o u r t h  
a s s o c i a t e s . '  There a r e  no p a i r s  t h a t ; a r e  f i f t h  a s s o c i a t e s ,  s i n c e  two
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d i f f e r e n t  t r e a t m e n t s  o f  t h e  above form can d i f f e r  i n  a t  most f o u r  
o f  t h e i r  c o o r d i n a t e s .  Hence,  
b
^  da i Cda i _1) = ^  [ 4Cs“ 1)Xl  + 6 Cs "1) 2x2 + 4 (s _ 1 )^^3
+ (s-1 )4X4J . (2 .6 .2 )
Then,
i b  4 .1 „ , r s  k . , v rLet  d =t- E d . = - r — = — , s i n c e  b =a .  b . . a i  b s k1=1
b 2 b b
' ,:Z. (d . -  d J  = Z d . ( d  . - 1) + Z d . - bd
i = l  a i  a i ~ l  011 i ~ l  011 a *
= s ^ ( s - l ) 0^
= 0 , s i n c e  0 j  = 0 .
Hence,
da i  da .  = °* f1" 1 , 2 * ; ‘ '
Thus ,  d . = — . S ince  d . i s  an i n t e g e r ,  k i s  d i v i s i b l e  by s .'  a i  s a i  & » /
C o r o l l a r y  2 . 6 . 1
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a  q u i n t i c  d e s ig n
w i th  0 j  = 0 i s  t h a t  k be d i v i s i b l e  by s .
The f o l l o w i n g  t h r e e  theorems a r e  p roved  i n  a manner s i m i l a r
t o  t h a t  o f  Theorem 2 . 6 . 1 .  ~
Theorem 2 . 6 . 2
2In  a q u i n t i c  d e s ig n  w i th  6  ^ = 0^ = 0 ,  k i s  d i v i s i b l e  by s
2
and e v e ry  b lo c k  o f  d e s ig n  c o n t a i n s  k / s  t r e a t m e n t s  o f  t h e  form
( a , B , y , 6 , e ) , ( y , 6 , e = l , 2 , . . . , s )  f o r  eve ry  f i x e d  p a i r  a , 3 ( a , 3 = l , 2 , . . . , s ) .
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C o r o l l a r y  2 . 6 . 2
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a q u i n t i c  d e s ig n
2w i th  = 0^ = 0 i s  t h a t  k be d i v i s i b l e  by s .
Theorem 2 . 6 . 3
In a q u i n t i c  d e s i g n  w i th  0^ = = 63 = 0 ,  k i s  d i v i s i b l e
3 3by s  and eve ry  b lo c k  o f  t h e  d e s ig n  c o n t a i n s  k / s  t r e a t m e n t s  o f  t h e  form
(oi ,g ,Y ,6 , e )  , ( 6 , e = l , 2 , . . . , s )  f o r  ev e ry  f i x e d  t r i p l e  a , 0 , Y ( a , 0 , Y  = 1 , 2 , . . . , s ) .
C o r o l l a r y  2 . 6 . 3
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a q u i n t i c  d e s i g n
3w i th  0  ^ = ©2 = = 0 i s  t h a t  k be d i v i s i b l e  by s .
Theorem 2 . 6 . 4
In a q u i n t i c  d e s i g n  w i th  0  ^ =? 0^ = 0^ = 64 = 0 ,  k i s
. . .  4 4d i v i s i b l e  by s and ev e ry  b lo c k  o f  t h e  d e s ig n  c o n t a i n s  k / s  t r e a t m e n t s  o f
t h e  form (a ,g ,y ,<5 ,e )  , ( e = l , 2 , . . .  , s )  f o r  ev e ry  f i x e d  q u a d ru p le  a , 3 , y , S
j
( a , g , Y ,6  = 1 , 2 , . . . , s ) .
C o r o l l a r y  2 . 6 . 4
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a q u i n t i c  d e s ig n  
w i th  0  ^ = 0£ = 03 = 0^ = 0 i s  t h a t  k be d i v i s i b l e  by s ^ .
Theorem 2 . 6 . 5
In  a q u i n t i c  d e s i g n  w i th  0 j  = 02 = 0^ = 0^ = 0,
05 = r ( s 5 - k ) / ( s - l ) 5 .
P r o o f : _- 5 g
According t o  ( 2 . 3 . 6 ) ,  E a.  0. j  s f .  Hence,
i =0 1 1
( s - 1 ) 5 05 = r ( s 5 - k ) .
Table  2 . 6 . 1  g iv e s  examples o f  q u i n t i c  d e s ig n s  t h a t  do n o t  
e x i s t  due t o  t h e  r e q u i r e m e n t s  o f  C o r o l l a r i e s  2 . 6 . 1 , . . . , 2 . 6 . 4 .
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2 . 7  Two Methods o f  C o n s t r u c t i n g  Q u in t i c  Des igns  from Known Des igns
Cubic and q u a r t i c  d e s i g n s  have been c o n s t r u c t e d  from c e r t a i n  
known d e s i g n s  (Raghavarao and C h andrasekha ra rao  (1964) ,  0 ' Shaughnessy 
( 1 9 6 8 ) ) .  In p a r t i c u l a r ,  t h r e e  and f o u r  d im ens iona l  l a t t i c e  d e s i g n s  and 
c e r t a i n  b a l a n c e d  incom ple te  b lo c k  d e s ig n s  have been  u sed  t o  t h i s  end.
S i m i l a r  methods o f  c o n s t r u c t i o n  a r e  u t i l i z e d  h e r e  t o  o b t a i n  q u i n t i c  d e s i g n s .
2 . 7 . 1  A F ive -D im ens iona l  L a t t i c e  Des ign
A l a t t i c e  d e s ig n  i s  an ar rangem ent  o f  pn t r e a t m e n t s  (p a p o s i t i v e
i n t e g e r )  i n  pn m b lo c k s  o f  s i z e  pm. A r e p l i c a t e  o f  an a r rangem en t  o f  t h i s
form i s  a n o t h e r  a r rangem ent  o f  pn t r e a t m e n t s  i n  pn m b lo c k s  o f  s i z e  pm such 
t h a t  any two t r e a t m e n t s  appea r  t o g e t h e r  i n  a b lo c k  a t  most once i n  t h e  two 
a r r an g em en ts .  In a l a t t i c e  d e s ig n  hav ing  r  r e p l i c a t e s ,  each  o f  t h e  pn 
t r e a t m e n t s  appears  r t i m e s ,  s i n c e  each  t r e a t m e n t  ap p ea r s  e x a c t l y  once i n  a 
g iv e n  r e p l i c a t e .  A l a t t i c e  d e s ig n  i s  c a l l e d  n -d im e n s io n a l  i f  i t  has  pn 
t r e a t m e n t s  a r r a n g e d  i n  pn * b lo c k s  o f  p p l o t s  and n r e p l i c a t e s .
A f i v e  d im ens iona l  l a t t i c e  d e s ig n  hav ing  s^ t r e a t m e n t s  and f i v e
. 5 4r e p l i c a t e s  i s  a q u i n t i c  d e s ig n  w i th  v = s  , b = 5 s  , k = s ,  r  = 5 ,  X  ^ = 1,
m
X  ^ = Xg = X^  = Xj. = 0.  That  X^  =1, f o l l o w s  from t h e  i d e n t i t y ,  I  n^X ^=r(k - l )»
5 4A l a t t i c e  d e s ig n  hav ing  s t r e a t m e n t s  a r r a n g e d  i n  s b lo c k s  o f
s  p l o t s  and 10s-5 r e p l i c a t e s  may be u sed  t o  c o n s t r u c t  a  q u i n t i c  d e s ig n  hav ing
v = s 5 , b = ( 1 0 s - 5 ) s ^ ,  k = s ,  r  = 10s-5
X. = X„ = 1 and X7 = X. — Xr " 0.1 2 3 4 5
2 2I f  5+10( s - l )  + 1 0 ( s -1 )  = 5 (2 s  - 2 s + l )  r e p l i c a t e s  a r e  u s e d ,
t h e  f o r e g o in g  becomes a q u i n t i c  d e s i g n  hav ing
v = s 5 , b = 5 ( 2 s ^ - 2 s + l ) s ^ ,  k = s ,  r  = 5 ( 2 s ^ - 2 s + l )
Xx = X2 = X3 = 1 and X^  = X,. = 0.
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I f  5 + 1 0 ( s - l ) + 1 0 ( s - l ) 2+ 5 ( s - l ) 3 r e p l i c a t e s  a r e  u s e d ,  t h e  
l a t t i c e  d e s ig n  s i m i l a r l y  c o n s t r u c t e d  i s  a  q u i n t i c  d e s ig n  hav in g  
v = s 5 , b = 5 ( s 3- s 2+ s ) s ^ ,  k = s ,  r  = 5 s ( s 2- s + l )
Xj = X2 = X^ = X ^  = 1 and X ^  — 0,
F i n a l l y ,  i f  5 + 1 0 ( s - l ) + 1 0 ( s - l ) 2+ 5 ( s - l ) 3+ ( s - l ) 4 = s 4+s3+s2+s+l 
r e p l i c a t e s  a r e  u s e d ,  t h e  l a t t i c e  d e s ig n  s i m i l a r l y  c o n s t r u c t e d  becomes a 
q u i n t i c  d e s ig n  hav ing
v = s 3 , b = ( s^+s3+s2+ s + l ) s ^ ,  k = s ,  r  = s ^+ s 3+s2+ s + l ,
= 1, ( i  -  1 , . . . , 5 ) .
Th is  d e s ig n  i s  a b a l a n c e d  in c o m p le te  b l o c k  d e s i g n ,  s i n c e  eve ry  t r e a t m e n t
o ccu r s  e q u a l l y  f r e q u e n t l y  w i th  a g iven  one i n  a b l o c k .  Here ,
X -  r ( k - l )  _ ( s^+ s 3+s2+ s + l ) ( s - 1 )  j 
V- J ~ s 5- l
For example,  c o n s i d e r  t h e  case  f o r  which s=2. The l a t t i c e
d e s ig n  ( r  r e p l i c a t e s )  o f  32 t r e a t m e n t s  a r r a n g e d  in  16 b lo c k s  o f  s i z e  2
becomes Ja q u i n t i c  d e s ig n  hav ing
i )  r=5 ,  b=80,  X -p l ,  X^=0, ( i = 2 , . . . , 5 )
00=10, 0 ^=8 , 02=6, 0g=4, 0^=2,  0^=0.
ii) r=15, b=240, Xj=X2 =l, X3=X4=X3=0,
0O=3O, 01=2O, 02=14, 03=12, 04=14, 0$=2 0 .
iii) r=25, b=400, Xi=X2 =X3 =l, X4=X3=0,
0O=5O, 01=28, ©2=22, 03=24, 04=26, 05=2O.
iv) r=30, b=480, Xi=l, (i=l,...,4), X5=0,
00=60, 01=3O, ©2=28, 03=3O, ©4=28, 05=3O.
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v) r = 3 1 , b=496,  X ^ l ,  ( i = l , . . . , S ) ,
60=62,  0.=3O, ( i = l , 2 , . . . , 5 ) .
The e f f i c i e n c y  f o r  i ) , i i ) , i i i ) , i v ) , and v ) , as  g iv e n  by
( 2 .5 . 2 0 )  i s  0 .4194 ,  0 .4953 ,  0 .5121 ,  0 . 5 1 5 6 , and 0 .5 1 6 1 ,  r e s p e c t i v e l y .
2 . 7 . 2  Q u i n t i c  Designs Der ived  from Balanced  Incom ple te  Block Designs
This  s e c t i o n  d e s c r i b e s  how q u i n t i c  d e s ig n s  may be  c o n s t r u c t e d  
from c e r t a i n  b a l a n c e d  inc om ple te  b lo c k  d e s i g n s .
Theorem 2 . 7 . 2 . 1
-If M i s  t h e  i n c i d e n c e  m a t r i x  o f  a  b a l a n c e d  inc om ple te  b lo c k  
d e s ig n  w i th  p a r a m e te r s  Vj=s ,  b p  r ^ ,  k p  and X, th e n  N=M© M ©  M ©  M ©  M=
n M i s  t h e  i n c id e n c e  m a t r i x  o f  a q u i n t i c  d e s ig n  w i th  p a r a m e te r s
=s5 , b ^ 5 , r ^ 5 , k=k15 ,
P r o o f :
X1= r J 4X, X2= r j 3X2 , X ^ r ^ X 3 , X ^ r j X 4 , X5=X5 .
S ince  M i s  an s x b j  m a t r i x ,  N i s  an s 5 x b j 5 m a t r i x .  Hence,
v = s 3 and b = b j 3 .
Now, MM' = ( r 1- X ) I s + XESS. I t  f o l l o w s  s u c c e s s i v e l y  t h a t :
(M ©  M) (M (x) M) ' = MM' ©  MM'
= ( r r x )2 i  n O i - X )  d s ®  Ess+Bs,jg) I s )
♦x2e -
S^SZ
3 3 3
( n  m )  ( n  m )  '  =  n _ ( M M ' )
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* » ( r r » 2 ( El s ® I  ,  -  I S ® E S S ® I ,
*  1 2 © E s s )
*>2 ( n - ) 0 ( E s 2s 2 ® I s  * ES S © I , . © E ss
+x3e 3 3  s s
4 4
(n m) ( n  m) ' ( r r » 4 l s 4
r t V ) 5 (Es s ® ' s 3 ‘  I , @ B. . ® I1 2 
+ 1 2 ®  Ess ©  : s * I j S y
+X2 t r 1 - J ) 2 ( I S ® E  2 2 ® I S ♦ I S ® E S S ® I ;
S' S
(x) E + I 2 ® ^  2 2 * ^ 2  2 ® ^  2s s s s s s
+ E (x) I (x) E © I  + E (x) I „(x) E ) s s  ^  s ^  ss  w  s ss  w  s 2 s s
+X3 ( r 1- X ) ( I s © E s 3s 3 + E 3 3 © I ,
+ E „ „ ©  I (x) E + E ©  I ©  E 0 0) „2„2 v~-/ s w  s s  ss  'c /  s w  „ 2„ 2Js s s s
+ X4 E 4 4 s s
NN' =
5 5
( n  M ) ( n  M)' = X5 F5+X4 ( r 1-X)F4+X3 ( r 1-X )2F3
+X2 ( r r X) 3F2+ ( r r X) 4FL+ ( r r X) 5¥Q.
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Comparing th e  c o e f f i c i e n t s  i n  th e  expans ion  o f  NN' h e r e  
w i th  t h o s e  i n  t h e  expans ion  o f  NN' i n  ( 2 . 2 . 1 3 ) ,  i t  f o l lo w s  t h a t  r = r ^ ,  
X1= r 1^X, X2= r i 3^2 > ^3= r i 2^ >  ^4= r ] / ^  ant* ^ s =^ *  S ince  s r ^  = b ^ k j ,
c 5
k = k j  . Hence,  M i s  t h e  i n c i d e n c e  m a t r i x  o f  a q u i n t i c  d e s ig n  which 
h a s  t h e s e  p a r a m e te r s .
An example t o  i l l u s t r a t e  t h e  fo r e g o in g  i s  as  f o l l o w s :
C ons ide r  th e  b a l a n c e d  inc om ple te  b lo c k  d e s i g n  w i th  p a r a m e te r s  
Vj=4=bj,  r j = 3 = k j ,  X=2, and i n c i d e n c e  m a t r i x  M.
Block 1 
1
2 
3
I I
1
2
4
I I I
1
3
4
IV
2
3
4
M =
1
1
1
0
1 1 
1 0 
0 1 
1 1
0
.1
1
1
The i n c i d e n c e  m a t r i x  N = II M o f  t h e  q u i n t i c  d e s ig n  hav ing
p a ra m e te r s
v
b = 4‘
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i s  1024
theorem:
r  = k = 3‘
Xj = 3* x 2 = 162
X2 = 33 x 22 e 108
X3 = 3 2 x 23 = 72
X4 = 3 x 24 = 48
X5 = 25 = 32
c 1024.
N  =
4
n  M
4
n  m
4
n  m
4
n  m
4
n  m
4
n  m
4
n  m
4
n  m
4
n  m
4
n  m
4
n  m
4
n  m
The e i g e n v a lu e s  f o r  NN' a r e
f t  -e0 “ 3 , 03 = 3
6 !  = 3 e 4 =
02 = 36 05 " !•
This  example p r o v id e s  t h e  m o t i v a t i o n  f o r  t h e  fo l l o w in g
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Theorem 2 . 7 . 2 . 2 .
5
I f  N = JI M i s  t h e  i n c i d e n c e  m a t r i x  o f  a q u i n t i c  d e s ig n  
d e r i v e d  from a b a l a n c e d  incom ple te  b lo c k  d e s ig n  w i th  i n c i d e n c e  m a t r i x  M 
and p a ra m e te r s  Vj = s = b ^ ,  r j  = k j  and A, and i f  ^  = A+l and s = Tj+1 ,
t h e n  t h e  e i g e n v a lu e s  0^,  ( i  = 0 , 1 , . . . , 5 )  o f  NN' a r e  r i^» T\ >* r l ^ ’
2 2 3 4 5
r^  , 1 w i th  m u l t i p l i c i t i e s  1 , S r^ ,  10r^ , 10r^  , 5r ^  , r ^  , r e s p e c t i v e l y .
P r o o f :
From Theorem 2 . 7 . 2 . 1 ,  0q = r k  = r ^3 k ^3 = r j ^ *
0X = r 15+C4r1 - l ) r 14X+2r1 ( 3 r 1 - 2 ) r 13X2+ 2 r12 C2r1 - 3 ) r 12X3 
+ r 13 Cr1 - 4 ) r 1X4 - r 14X5 
= r 14 | r 1+XC4r1 - l )+ X 2 ( 6 r 1 -4)+X3 ( 4 r 1-6)+X4 ( r 1-4 ) -X 5]
= r 14 [ r 1 Cl+4X+6A2+4X3+X4)-CX+4X2+6X3+4X4+X5)]
= r 14 ( r 1-X)(1+X) 4
©2 = r 15+ ( 3 r 1- 2 ) r 14X+(3r12- 6 r 1+ l ) r 13X2+ ( r 13 - 6 r 12+ 3 r1) r 12X3
, f  .0 3 _ 2.. . 4 3 .5+ ( - 2 ^  + 3 r j  ) r j X  X
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= r^ljrj^+rjA (3r^-2)+X^(3rj^-6r^+l)+A^(rj^-6r^+3) 
+A4 ( - 2 r 1+3)+X5]
= r 13 [ r 12 Cl+3X+3X2+X3)-2rXCl+3X+3X2+X3)+X2 Cl+3X+3X2+X3)] 
= r 13 [ ( r 1- X ) 2 ( l +X )3]
3 3
r l  r l
6
r l
03 = r 15+ C2^ 1 - 3 ) r 14 X+(r12- 6 r 1+ 3 ) r 13X2+ ( - 3 r 12+6rl - l ) r 12X3
+ ( 3 r 12 ^ 2 r 1) r 1X4 - r 12X5 .
= r 12 Cr1-X)3 (l+X) 2
4
= r l  ‘
04 = r 15+ ( r 1- 4 ) r 14 X+(-4r1+ 6 ) r 13 X2+C6r1- 4 ) r 12 X3
+ ( - 4 r 1+ l ) r ][X4+ r 1 X5 .
^  ( r 1 -X)4 (l+X)
2
r l  *
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d 5 c 4, 3 ,2  n 2 ,3  _ >4 , 50g = r^  -S r^  A+lOr^ A - lO r^  A +5r^A -A .
= ( r j - A ) 5
= 1 .
C o r o l l a r y  2 . 7 . 2 . 2
I f  N = I^M i s  t h e  i n c i d e n c e  m a t r i x  o f  a  q u i n t i c  d e s ig n  
d e r i v e d  from a b a l a n c e d  incom ple te  b lo c k  des ign  w i th  i n c i d e n c e  m a t r i x  
M and p a ra m e te r s  v^ = b ^ ,  r j  = k^ and A, and i f  r^  = A+l,  th e n  0^ = 1 .
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CHAPTER I I I  
EXISTENCE AND NON-EXISTENCE THEOREMS
3.1  I n t r o d u c t i o n
This  c h a p t e r  d e a l s  w i th  n e c e s s a r y  c o n d i t i o n s  f o r  t h e  
e x i s t e n c e  o f  q u i n t i c  d e s i g n s .  Some examples o f  s e t s  o f  p a r a m e te r s  f o r  
which d e s ig n s  do n o t  e x i s t  a r e  g ive n .
3 .2  C o n d i t io n s  Based on t h e  Non-Negative N a tu re  o f  t h e  C h a r a c t e r i s t i c  
Roots o f  NN1
I t  has  been  shown (Connor and C la tw or thy  (1954) ,  Theorem 4 .3 )  
t h a t  i n  o r d e r  f o r  a d e s ig n  t o  e x i s t ,  t h e  c h a r a c t e r i s t i c  r o o t s  o f  NN* 
must be n o n - n e g a t i v e .  Hence,  f o r  q u i n t i c  d e s i g n s ,  t h e r e  fo l low s  
Theorem 3 . 2 . 1
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a q u i n t i c  d e s ig n  
i s  t h a t  6 ^ 0 ,  ( i  = 1 , . . . , 5 ) .
C o r o l l a r y  3 . 1 . 2  ( i b i d )  s t a t e s  t h a t  f o r  a p a r t i a l l y  b a l a n c e d  
inc om ple te  b loc k  d es ig n  i n  which v>b,  i t  i s  n e c e s s a r y  t h a t  |NN *| = 0,  
o r  e q u i v a l e n t l y ,  t h a t  a t  l e a s t  one 0^ = 0 ,  ( i  = 1 , . . . , 5 ) .
The q u i n t i c  d e s ig n  whose a n a l y s i s  f o l l o w s  i n  C h ap te r  V 
i l l u s t r a t e s  t h i s  i n s t a n c e .
3 .3  Some N ecessa ry  C o n d i t io n s  f o r  th e  E x i s t e n c e  o f  R e g u la r ,  Symmetric 
Q u i n t i c  Designs w i th  s Even
A p a r t i a l l y  b a l a n c e d  in c o m p le te  b lo c k  d e s ig n  i s  s a i d  t o
42
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be r e g u l a r  i f  a l l  t h e  c h a r a c t e r i s t i c  r o o t s  o f  NN* a r e  p o s i t i v e .  A
q u i n t i c  d e s i g n  i s  r e g u l a r  i f  ( i  = 1 , . . . , 5 ) .  F u r t h e r ,  a d e s i g n
i s  s a i d  t o  be symmetric i f  b = v .  For  a symmetric p a r t i a l l y  b a l a n c e d
in c o m p le t e  b loc k  d e s i g n  w i th  m a s s o c i a t e  c l a s s e s ,  i t  i s  n e c e s s a r y  t h a t
|NN' |  be an i n t e g r a l  s q u a re  ( i b i d ,  C o r o l l a r y  3 . 1 . 1 ) .  For such a d e s i g n ,
2s i n c e  b = v and hence ,  r  = k ,  0^ = r  . For a q u i n t i c  d e s i g n ,
“ i °f? “ a  01 c
I™' 1 = e0 ®1 e2 63 V  9S
C o n s eq u en t ly ,  t h e r e  fo l l o w s  • . .
Theorem 3 . 3 . 1
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a r e g u l a r ,  
symmetric  q u i n t i c  d e s ig n  i s  t h a t
0 5 ( s - l )  1 0 ( s - l ) 2 e ^ 1 0 ( s - l ) 3 0 5 ( s - 1 ) 4 q ^ ( s - I ) 5
be an i n t e g r a l  s q u a re .
Th is  e x p r e s s i o n  may be w r i t t e n
x A ~
s -1
[•>
5 Q 1 0 ( s -1 )  1 0 ( s - 1 ) 2 5 ( s - 1 ) 3 ( s - 1 ) 4
2 3 4 5
which i s  c l e a r l y  an i n t e g r a l  s q u a re  f o r  s odd.  Hence,  f o r  s odd ,  no 
f u r t h e r  r e s u l t s  may be o b t a i n e d .  However ,fo r  s even ,
10 ( s - 1 ) 2 10 ( s - 1 ) 3
2 3
i s  an i n t e g r a l  s q u a re  b u t
5 ( s -1 )  5 ( s - 1 ) 4 ( s - 1 ) 5
61 4 5
i s  an i n t e g r a l  s q u a re  i f  and on ly  i f  0  ^ 0^ 0^ i s  an i n t e g r a l  s q u a re .
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C o r o l l a r y  3 . 3 . 1
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a r e g u l a r ,  
symmetr ic  q u i n t i c  d e s ig n  w i th  s even i s  t h a t  6  ^ 0^ 0^ be  an i n t e g r a l  
sq u a re .
The n a t u r e  o f  0^ Ci = 1 , 4 , 5 ) ,  s u b j e c t  t o  t h e  c o n d i t i o n  
t h a t  0^ 0^ 0g i s  an i n t e g r a l  s q u a r e ,  i s  now c o n s i d e r e d .  The fo l l o w in g  
ca se s  a r i s e :
i )  0^ ( i  = 1 , 4 , 5 )  i s  an i n t e g r a l  s q u a r e ,  i n  which case
no r e l a t i o n s h i p s  need e x i s t  amongst t h e s e  t h r e e  e i g e n v a l u e s .  The
r e g u l a r ,  symmetric d e s ig n  fo l l o w i n g  Theorem 2 . 7 . 2 . 1  i s  an example o f
t h i s  i n s t a n c e .  I t  i s  c l e a r  t h a t ,  i f  any two o f  0^,. 0 4 , 0$ a r e  i n t e g r a l
s q u a r e s ,  t h e  t h i r d  must  be  an i n t e g r a l  s q u a re  i n  o r d e r  t h a t  a r e g u l a r ,
symmetric  q u i n t i c  d e s ig n  e x i s t .
i i )  0^,  o n ly ,  i s  an i n t e g r a l  s q u a r e ,  ( i  = 1,  4 o r  5 ) .
f Let  0j = Cq 0k ( j  t  i ;  k f  j  o r  i ;  j , k  = 1, 4 o r  5 ) .  Then 0j 0k
an i n t e g r a l  s q u a re  im p l ie s  t h a t  Cq i s  a p e r f e c t  s q u a r e .
i i i )  None o f  0^ ,  ©4 , 0^ i s  an i n t e g r a l  s q u a r e .  L e t ,  f o r
example,  0-  ^ = kQ 05 , 04 = k j  0$. Then 0^ 04 05 an i n t e g r a l  s q u a re
im p l ie s  t h a t  kg k^ 0g i s  a p e r f e c t  s q u a re .
Tab le  3 . 3 . 1  p r o v id e s  examples o f  some n o n - e x i s t e n t  d e s i g n s .
For t h e  f i r s t  e n t r y  in  Tab le  3 . 3 . 1 ,  04 = 1 i s  an i n t e g r a l
s q u a re  b u t  0^ 0g = (21 ) (5 )  i s  n o t  an i n t e g r a l  s q u a re .  S i m i l a r l y ,  f o r
t h e  second  e n t r y ,  ©4 =. 16 i s  an i n t e g r a l  s q u a re  b u t  0^ 05 = 5 (2)^  (113)
i s  n o t  an i n t e g r a l  s q u a re .  For t h e  l a s t  e n t r y ,  none o f  0 j ,  0^
o 9
i s  an i n t e g r a l  s q u a re  and 0-^  04 05 = 5(2)  (7) (11) i s  n o t  an i n t e g r a l  
s q u a re .
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TABLE 3 . 3 . 1
PARAMETERS FOR NON-EXISTENT QUINTIC DESIGNS WITH s EVEN 
AND 0i 04 05 NOT AN INTEGRAL SQUARE
s v=b r=k X1 x2 x3 x4 X5 e0 e l ^2 e 3 e 4 e 5
2 32 25 21 20 19 18 15 625 21 1 5 1 5
4 1024 40 11 5 2 1 0 1600 452 104 44 16 20
4 1024 46 9 8 3 1 0 2116 616 108 16 20 56
For a l l  p a r t i a l l y  b a l a n c e d  in c o m p le te  b lo c k  d e s i g n s ,
m
n^X^ = r ( k - l ) .  For a symmetric  q u i n t i c  d e s i g n ,
5 ( s - l ) X 1 + 10 ( s - 1 ) 2X2 + 1 0 ( s - l ) 3X3 + 5 ( s - l ) 4X4
+ (s- l)^Xj-  = r ( r - l ) .
4 5S in ce  r ( r - l )  i s  even ,  5 ( s - l ) X ^  + 5 ( s - l )  X  ^ + ( s -1 )  Xj. i s  even.
I£  s i s  odd, X p  X^ and X^  may be e i t h e r  even o r  odd.  However, i f  s 
i s  even ,  e i t h e r  two o f  X^, X^, X,- a r e  odd o r  none i s  odd.
Theorem 3 . 3 . 2
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a symmetric
q u i n t i c  d e s ig n  w i th  s even i s  t h a t  e i t h e r  two o f  X^, X4 , X3 b e  odd o r
none o f  X^, X4 , X5 be  odd.
Let  s be even and r  = k be  even.  j NN1 | i s  an even i n t e g r a l
s q u a r e .  With r e f e r e n c e  t o  ( 2 . 3 . 4 )  and t o  t h e  e x p r e s s i o n s  f o r  0 j ,  0^
and 0^ t h e r e i n ,  i t  i s  c l e a r  t h a t  w he the r  e i t h e r  two o f  Xj,  X^, X  ^ a r e  
odd o r  none o f  X^, X^, X5 i s  odd,  0^ ( i  = 1 , 4 , 5 )  i s  even .
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I f  s  i s  even and r  = k i s  odd and i f  t h e  d e s i g n  i s  r e g u l a r ,
0^ ( i  = 1 , . . .  ,5)  i s  odd.
Theorem 3 . 3 . 3
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a  r e g u l a r ,  
symmetric  q u i n t i c  d e s ig n  w i th  s even i s  t h a t  0^ ( i  = 1 , 4 , 5 )  be  even o r  
odd a c c o rd in g  as r  i s  even o r  odd.
I t  may be obse rved  t h a t  t h i s  r e s u l t  i s  c o n s i s t e n t  w i th  t h a t  
o f  Theorem 2 . 6 . 5 .
|NN‘ | i s  an odd i n t e g r a l  s q u a re  f o r  s even ,  r  = k odd and
0 i >O.
In  l i g h t  o f  C o r o l l a r y  3 . 3 . 1  and Theorem 3 . 3 . 3 ,  more 
d e t a i l e d  i n f o r m a t i o n  on t h e  n a t u r e  o f  0^,  ( i  = 1 , 4 , 5 )  i s  a v a i l a b l e .
Cases i ) ,  i i )  and i i i )  a r e  r e c o n s i d e r e d  f o r  a) s even ,  r  even ,  b)  s even ,  
r  odd f o r  r e g u l a r ,  symmetric  q u i n t i c  d e s ig n s .
a) i )  6^ ,  ( i  = 1 , 4 , 5 )  i s  an even i n t e g r a l  s q u a r e .
i i )  0^,  o n ly ,  i s  an even i n t e g r a l  s q u a r e ,  ( i  = 1 ,4  o r  5 ) .
0r\
0j fik = k j ,  where k^ i s  an i n t e g r a l  s q u a r e ,  (n = 1 , 2 , 3 , . . . )  and
j  i  i ;  k ^ j  o r  i ;  j , k  = 1 ,4  o r  5.
i i i )  None o f  0^ ,  0^,  05 i s  an i n t e g r a l  s q u a r e .  Each
0 j  i s  even ( i  = 1 , 4 , 5 ) .  At l e a s t  one 0^ i s  d i v i s i b l e  by f o u r .
b)  i )  0^ ,  ( i  = 1 , 4 , 5 )  i s  an odd i n t e g r a l  s q u a r e .
i i )  0^ ,  o n ly ,  i s  an odd i n t e g r a l  s q u a r e ,  ( i  = 1 ,4  o r  5 ) .
e-j ek> 0  t  1," k t  j  o r  i ;  j , k  = 1 ,4  o r  5) i s  an odd i n t e g r a l  s q u a r e .
i i i )  None o f  0 j ,  6 4 , 05 i s  an i n t e g r a l  s q u a r e .
®1 ®4 e 5 an i n t e g r a l  s q u a r e .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
4 7
3*4 O th e r  N ecessary  C o n d i t io n s  f o r  t h e  E x i s t e n c e  o f  R egu la r  Symmetric 
Q u i n t i c  Designs
3 . 4 . 1  A N ecessa ry  C o n d i t io n  i n  Terms o f  Cp(NN')
With r e f e r e n c e  t o  S e c t i o n  2 . 5 ,  e q u a t io n  ( 2 . 5 . 1 0 ) ,
1 5
c  = r  1 5 ~ ~  NN' S h  h >
s  k 1=0
where A_ = E t- / s^ ,  A- ( i  = 1 , . . . , 5 )  i s  as d e f i n e d  i n  ( 2 .5 . 1 0 )  and
s s D 5
1<(>. = r  - — 0 . ,  ( i  = 0 , . . . , 5 ) .  S ince  E A- = I r ,
i  k i  i =0 s
5
NN' = E Ai  . ( 3 . 4 . 1 . 1 )
i =0
The m a t r i x  NN1 i s  a r e a l ,  symmetric  one.  Hence,  i t  i s
n o rm al ,  (Appendix, S e c t io n  A. 2) .  The s^  e i g e n v e c t o r s  o f  NN' c o n s t i t u t e
an o r thonorm al  b a s i s  f o r  a r e a l  i n n e r  p r o d u c t  space  o f  d im ension s ^ .
A . ,  as  a l i n e a r  com bina tion  o f  t h e  B. ' s ,  which a r e  i ’ i
symmetric  m a t r i c e s ,  i s  symmetr ic .  A^ deno tes  t h e  o r th o g o n a l  p r o j e c t i o n  
on th e  space  o f  e i g e n v e c t o r s  o f  NN' a s s o c i a t e d  w i th  t h e  e i g e n v a lu e  
0^,  ( i  = 0 , . . . , 5 ) .  A^ Aj = 0,  f o r  i  ^ j ,  ( j  = 0 , 1 , . . . , 5 ) .  An e i g e n v e c t o r  
K i .:> (j = l » 2 , . . . , n . ) a s s o c i a t e d  w i th  0 . ,  i s  i n  t h e  r ange  o f  A - , t h a t—1 J 1 1  1
i s > Ai  £ [ j  = i l j  • An e i ge n v e c t o r  (k ^ i ;  j  = l , . . . , n k ;
k = 0 , 1 , . . . , 5 )  a s s o c i a t e d  w i th  0k , i s  i n  t h e  n u l l  space  o f  A^, t h a t  i s ,
A* £ '  = 0.  A. £ '  = C ! . im p l i e s  t h a t  t h e  column v e c t o r s  o f  A.i  - k j  i  —tl j  r  i
g e n e r a t e  t h e  space  o f  d im ension n^ o f  e i g e n v e c t o r s  a s s o c i a t e d  w i th  0^. 
S in ce  A^ i s  an s 5 x s 5 m a t r i x ,  t h i s  f u r t h e r  i m p l i e s  t h a t  A^ i s  a 
s i n g u l a r  m a t r i x  h av in g  rank  n^ .
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I t  i s  c l e a r  t h a t  t h e  e i g e n v e c t o r  a s s o c i a t e d  w i th  0q i s
( 1 / 5  1 /  5 l / s 5 ) '  = E ,  / S5 ,
s 5 l
s i n c e
An . E r / s 5 = E ,  r . E ,  = E r / s 5 .
0 s i  s s s i  s i
5 5s s
To f a c i l i t a t e  f i n d i n g  th e  n o rm a l i z e d ,  o r th o g o n a l  
e i g e n v e c t o r s  f o r  t h e  e ig e n s p a c e  c o r r e s p o n d in g  t o  6^,  ( i  = 1 , . . . , 5 ) ,  
d e f i n e  t h e  s x ( s -1 )  m a t r i x  D as f o l l o w s :
D =
1 1 . . .  1 11
/TT7
- l
/ 2 . 3
 i__
/ L 2 ^ 3
0
/ o / 3 A
-3
/ 3 . 4
A s -2)  ( s -1 )
( s -2 )
/ ( s - 2 )  ( s -1 )  / s  ( s -1 )
/ ( s -2 )  ( s -1 )  / ( s - 1 ) s '
/ ( s - l ) :
/ ( s - 2 )  ( s - 1 )  / ( s - 1 ) s
- ( s - 1 )
/ ( s '  1)5
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I t  i  
Let
Let
s n o te d  t h a t  DD' = I - — Es s s s
Lu - ^ t D® V I )
l 12 = _ L ( E s i © d ® E s 3 i )
L = - 1  (E ,  ® D ® E  -  )
13 s 2 s2 l  s i
L" ‘ 7 m s h ® a ® \ i  
L1 5 = ^ CES4 1 @ D )  •
L j j  i s  an s'* x ( s -1 )  m a t r i x ,  ( j  = 1 , . . . , 5 ) ,
L = J p  ( D © D © E  3 ) 
s / s  s i
L22 = - 1 -  (D ©  E ©  D ©  E 2 ) 
s / s  s s
L = - ~ =  (D ©  E ©  D ©  E )
s / s  s z l  s i
L24 = “ 7= ( D © E  3 ® D )  
s / s  s i
L = (E © D © D © E  )
s / s  s i  s i
L2 6 - ^ = t Es l ® D® Es l ® D® Es l 5
L = —  (E © D © E  © D )
11 s / s  Sl  S21
L28 88 - 7 =  (E ,  © D © D® E )
s / s  S21 s l
L = (E ®  D ©  E ® D )
s / s  s 1 s l
CBs 3 i ® d ® d ) .  •
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Let
Let
L2j  i s  an x ( s -1 )  m a t r i x ,  (j = 1 , . . . , 1 0 )
L31 = i  (D(x)D(x)D(x)E ) 
s S^1
L32 = J  (D® D © Es l © D © Es l ^
L33 = — ( D ( x ) D ® E  2;|, © d )
L34 = “  (Es l  © D © D © D @ E s 1 )
L35 = 7  CEs l ® D © D ®  Es l © D )
L_ = I (E © D © D ® D )  
s s ^ l
7 C e s 1 © d ( x ) e s 1 ( x ) d < x ) d )
(D(x)E 2 © D © D )  
s 1
u39 = 7  ( D © E s l ® D © E s l © D )
L3 , l f f  s C° ©  es i  ©  D ©  D ©  es i ) •
L^j i s  an s 5 x ( s - 1 ) 3 m a t r i x ,  (j  = 1 , . . . , 10)
L = — 
38 s
L 1
l 41 = - p  ( D ® D ® D ® D ® E  ) 
vs
L.,, » —  (D ®  D ©  D © E s l  ® D )
vs
e 43 = ( D ® D ® E  ® D ® D )  
vs
e 44 = j l  ( D ® E s 1 ® D ® D ® D )
,45 = J L  (E ® D ® D ® D ® D ) .  
Vs
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i s  an s 5 x ( s - 1 ) 4 m a t r i x ,  (j  = 1 , . . . , 5 ) .
Le t  =  n_ D .
L5 i s  an s 5 x ( s - 1 ) 5 m a t r i x .
The m a t r i c e s
L„ = E / s 2 / s  
u s bl
L2
11
, L , L , L , L 
12 13 14 15 I
1j . L * L i L , L • L 4 L * L « L , L
21 22 23 24 25 26 27 28 29 2,10
• ^
L * L * L , L «1> * L * L , L « L » k
31 32 33 34 35 36 37 38 39 3,10
1  4 1  4 Li % I  |  !j
41 42* 43 44 45.]
l 5 = n d
a r e  s 5 x 1,  s 5 x 5 ( s - l ) ,  s 5 x lO (s -^ l )2 , s 5 x 1 0 ( s - l ) 3 , s 5 x 5 ( s - l ) 4 
and S5 x ( s - 1) ^ ,  r e s p e c t i v e l y .
The column v e c t o r s  o f  L^, ( i  = 0 , 1 , . . . , 5 ) ,  c o n s t i t u t e  a 
n o r m a l i z e d ,  o r th o g o n a l  b a s i s  f o r  t h e  space  o f  e i g e n v e c t o r s  a s s o c i a t e d  
w i th  0^.  This  becomes a p p a r e n t  upon c o n s i d e r a t i o n  o f  ,
( i  = 0 , 1 , . . . , 5 ) .  For example,
L L* = L L' + L L' + L L' + L L' + Llr-L'1 1  11 11 12 12 13 13 14 14 15 15
= (DD1 (x) E + E (x)DD'(x)E
s 4 S ^ S 4 SS S J S J
+ E 2 2 ©  ^D' (x) E 2 2 + ^ 3 3 (x) DD1 (3$) E
s^s" s s
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+ Es 4s 4 © DD'5
= ±  a  © E  + E © I  © E  
c4 s s 4s 4 s s  s s-^s-3
+ E 9 9 ©  I © E 9 9  + E t ' 7 © I  © E  
s s s s s^ s J s J s s s
* es M ® : s ■ r Es 5s s 3 .
DD' » I - -  E .s s s s
L1L1 = s F4 -  5 F5 = Aj , by ( 2 .5 . 1 0 )
s^
In g e n e r a l ,  L.L! = A. , ( i  = 0 , 1 , . . . , 5 ) .1 x
The d im ens ions  o f  t h e  spaces  o f  e i g e n v e c t o r s  a s s o c i a t e d  
w i th  0i  ( i  = 0 , 1 , . . . , 5 )  a r e  1, 5 ( s - l ) ,  1 0 ( s - l ) 2 , 1 0 ( s - l ) 3 , 5 ( s - l ) 4
C
and ( s -1 )  , r e s p e c t i v e l y .  R a t i o n a l  b a s i s  v e c t o r s  f o r  t h e s e  spaces  
may be o b t a i n e d  and d e s i g n a t e d  as f o l l o w s :
For t h e  space  a s s o c i a t e d  w i th
1) e 0 : t a k e  s 2^s LQ ; GQ = j  a ^ j  = j ( l , 1 , . . . , 1 ) ' |
2) 0. : t a k e  t h e  columns : G, = j  a - , . . . ,  a c r „ -.-i.-iV
1 o f  s 2 Lj 1 t “ 2 -5 C S -D -H  /
3) 0 7 : t a k e  t h e  columns ; G9 = / a CIV a• CclJVC t l lC CU-LUUiHi , — J  Ct_ ,, -v  ^  * • • • « Ctr  f  ! N2 o £ s ^ - L2 2 4 - 5 C s - 1 ) . 2 '  - S ( s - l )
+10(s-1)^+1)
4) 0^ : t a k e  t h e  columns ; G7 = 1/w_ , ^2
o f s L ,  3 I - 5 ( s - l ) + 1 0 ( s - l ) z+2
—5 ( s - l )  + 10 ( s - l ) 2
+1 0 ( s - 1) 3+ l ^
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where
Qi i s
s i n c e
[ ~ 5 ( s - 1) +1 0 ( s - 1)2
5) 8 . : t a k e  t h e  columns : G. =
4 o f  vT l 4 4 V
+ 1 0 ( s - 1) ^+2 ' ’ * ’ * 
“ s 5 - ( s - l ) 5}
6 ) 0 r : t a k e  t h e  columns ; Gc = J a  a r l
5 o f  L,  5 l ~ s 5 - ( s - l ) 5+l  “ s b ;
c: 5
Let S be  t h e  s x s m a t r i x
[- J ( 3 . 4 . 1 . 2 )
G  ^ i s  an s 5 x n^ m a t r i x ,  ( i  = 0 , 1 , . . . , 5 ) .  S i s  n o n - s i n g u l a r .
Let  Q = S 'S  and = G^’G ^ > ( i  = 0 , 1 , . . . , 5 ) .
n o n - s i n g u l a r ,  t h a t  i s ,  o f  r a n k  n . . Gi ' GH = f ° r  i  ^ 5 *1 J
S ’NN'S = Z 9i S 'Ai S, by ( 3 . 4 . 1 . 1 ) .  
i =0
0 0-jQj 0 0 0
0 0 02Q2 0 0 0
0 0 02Q3 0
0 0 0 0 e 4Q4 0
0 0 0 0 0 05Q5
, ( 3 . 4 . 1 . 3 )
i s  t h e  p r o j e c t i o n  on t h e  space  spanned by t h e  columns o f  G^.
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Ql
0
SS'
^2
. ( 3 . 4 . 1 . 4 )
q4
S ince  S i s  a s q u a re  m a t r i x ,  | S ' NN1S j = [S| . |NN *| .
For two r a t i o n a l ,  symmetr ic ,  n o n - s i n g u l a r  m a t r i c e s  o r  non­
ze ro  r a t i o n a l  numbers A and B, A i s  r a t i o n a l l y  cong ruen t  t o  B, deno ted  
A a -'B, i f  and on ly  i f  t h e  s q u a re  f r e e  p a r t s  o f  |A| and [B| a r e  t h e  same.
N N ' / 'vS 'N N 'S  . ( 3 . 4 . 1 . 5 )
s i n c e  | s 1 s | = | s | 2 = s ^ q J  . | q 2 | . |q3 | . |q4 | . | q 5 |
i s  a p e r f e c t  s q u a r e ,
5
s H |Q. | a ; 1 . ( 3 . 4 . 1 . 6 )
i = l  1
The lemmas r e f e r r e d  t o  i n  su b se q u en t  work i n  t h i s  s e c t i o n  
a r e  th o s e  as g ive n  i n  th e  Appendix,  S e c t i o n  A .3, These lemmas d e a l  
w i th  t h e  p r o p e r t i e s  o f  t h e  Hasse-Minkowski p - i n v a r i a n t  o f  A, deno ted  
Cp(A),  and the  e x tended  H i l b e r t  norm r e s i d u e  symbol ( a , b ) p .  H ere ,  A 
i s  a r a t i o n a l ,  symmetr ic ,  n o n - s i n g u l a r  m a t r i x ,  a and b a r e  i n t e g e r s  
and p i s  p rime.
By Theorem 3 . 3 . 1 ,  |NN'[ i s  an i n t e g r a l  s q u a re  f o r  a r e g u l a r ,
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symmetr ic  q u i n t i c  d e s ig n .  Hence,  NN'rv^ I 5
s
Let
Cp(NN') = Cp (I  3) by H a s s e ' s  Theorem.
= ( - 1 ,  - l ) p  by Lemmas 3 and 10. ( 3 . 4 . 1 . 7 )
U  =  I ^ G j ,  G 2 ,  G 3 ,  G 4 ,  G 5  G j ,  G 2 ,  G 3 ,  G 4 ,  g J J
= d iag (Q ^ ,  Q2 » Qj* Q^> Q5) •
On t h e  one hand ,  Cp(U) = ( - 1 ,  ~ l ) p  f ° r  p r im es  p ,  
by Lemma 5.  ( 3 . 4 . 1 . 8 )
But by Lemma 1,
C (U) = ( - 1 , - l ) 4 {  n C (Q.)}
P P i = i - P  1 *
{  n CIQ±I, | Q . h  }  - ( 3 .4 .1 .9 )
i < j = l  * 3 ?
Hence,
(-1 ,  - l ) 3 { n  c CQ.)} {  n ( | q . | , | q . | )  }= 1. (3 .4 .1 .10)  
P i = i  P 1 i < i = i  1 J p;K j :
R e c a l l i n g  t h a t  NN'ru' S'NN'S and ap p ly in g  Lemma 1 t o
( 3 . 4 . 1 . 3 ) ,  i t  f o l l o w s  t h a t
C (NN1) = ( - 1 ,  - l ) 5 C ( r 2s 5)
P P P
\n C (e.Q.).Cr2s5,|6.Q.|) }
i = i  p
(3.4.1.11){ n ( | e . Q . | , le .Q.I)  }  . 
i < j = l  1 1  J J P
But C p ( r 2s 5) = ( - 1 ,  - l ) p ( - l , r 2s 5) p  by Lemma 3.
= ( - 1 ,  - l ) p ( - l , s ) p  by Lemma 10. ( 3 . 4 . 1 . 1 2 )
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By t h e  p r o p e r t i e s  o f  t h e  H i l b e r t  norm r e s i d u e  symbol as l i s t e d  i n  
Lemma 10,
n  ( r 2s 5 , | e  q | )  = n  ( s , e  0 i | q  | )  .
i = l  1 1 P i = l  i i P
5 a .
By Lemma 4,
■ (s, 0t |Q1|)P
i = l  
5
= ( s ,  n I Q . | )  by Theorem 3 . 3 , 1
i = l  1 P
,  5
= ( s ,  s n | q . | )  
i = l i ' - p
= (s,  s) by ( 3 . 4 . 1 . 6 )
P
= ( - 1 ,  s )  . ( 3 . 4 . 1 . 1 3 )
i i  } > i i l
^ ( 0 ^  =  C - l . V , , 1  C e 1 . | Q 1 h p  C p t Q p ,
( i = l , 2 , . . . , 5 ) .  ( 3 . 4 . 1 . 1 4 )
For i< j  = 1 , 2 , . . . , 5 ,  by Lemma 10,
(lejQj.1 >le j Q j l ) p = C0i  1 1QiI »6 j j  iQj l ) p
a i a i a i
= (6 . , e . )  j (0 . , | q . | )v i* j p i  ' p
( ^ j Q i D p ^ C l Q i M Q j D p .  ( 3 . 4 . 1 . 1 5 )
S u b s t i t u t i n g  ( 3 . 4 . 1 . 1 2 ) ,  ( 3 . 4 . 1 . 1 3 ) ,  ( 3 . 4 . 1 . 1 4 )  and 
( 3 . 4 . 1 . 1 5 )  i n  ( 3 . 4 . 1 . 1 1 ) ,  i t  f o l l o w s  t h a t
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6 I 5 a i ( a i + l ) / 2
C (NN') = ( - 1 ,  - i ) p6 C - i , s )  \  n ( - 1 , 0  )
v  P i = l
(e
( 5 aid-} di
{ n  ( e .  , e . )  ( e . , | Q . | )
i < j = i  1 J P 1 3 P
( 0 . , | Q . I )  ^ C l Q i M Q j D p }  •
3 1 P 3 P '
Th is  e x p r e s s i o n  f o r  C (NN1) may b e ' r e d u c e d  by means o f  ( 3 . 4 . 1 . 6 )  t o
P
/  5 d i ( d i + l ) / 2  )
cp (NN') = c - i ,  W t . l O i l y
= ( " 1 , - 1) .
P Vi  = l
/  5 “ i a j  |
f e =1( v v P f
I 5 d i (di + l ) / 2
\ ^ 1 c- 1 ' e i 5P }
{ y V s - l Q i D p }
f 5 a . a ,
i n  ( e . , 0 .) r ( s , 0c) . ( 3 . 4 . 1 . 1 6 )
i < j = l  I I P  } 5 p
This  r e s u l t ,  t o g e t h e r  w i th  ( 3 . 4 . 1 . 7 ) ,  may be  r e g a r d e d  as 
a n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a r e g u l a r ,  symmetric  
q u i n t i c  d e s ig n .  T h i s ,  however ,  i s  n o t  an e x p r e s s i o n  f o r  Cp(NN') i n  
i t s  s i m p l e s t  form. F u r t h e r  r e d u c t i o n  i s  e f f e c t e d  upon d e t e r m in i n g  
i Q j ,  ( i  = 1 , . .  . ,4 )  .
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| |  i s  o b t a i n e d  by c o n s t r u c t i n g  an a d d i t i o n a l  s e t  
o f  b a s i s  v e c t o r s  f o r  t h e  spaces  o f  e i g e n v e c t o r s  a s s o c i a t e d  w i th  
6^, ( i = l , . . . , 4 ) ,  o b t a i n i n g  t h e  graraian K** o f  t h i s  s e t  o f  v e c t o r s  
and r e d u c i n g  K**, i n  a manner s i m i l a r  t o  t h a t  u sed  by Raghavarao 
and C h and rasekha ra rao  (1964) and O 'Shaughnessy (1968).(Appendix, S e c t i o n  
A .4 .2)>
iQ i l Ai S
Iq2 I| rJ 1
| n 1
Iq4 I Ai  S
s 4+l .
3 . 4 . 2  A s i m p l i f i e d  Form o f  t h e  N ecessa ry  C o n d i t io n  i n  3 . 4 . 1
Combining ( 3 . 4 . 1 . 7 )  and ( 3 . 4 . 1 . 1 6 ) ,  a n e c e s s a r y  c o n d i t i o n  
f o r  t h e  e x i s t e n c e  o f  a r e g u l a r ,  symmetric  q u i n t i c  d e s ig n  i s  t h a t
[ 5 a .  ( a . + l ) / i l  (” 4 “Ii  1 J L y w ' ^ p j
[ 5 ^ a . a .  In ( e . , e . J 1 d ( s , e c ) = l .  
i < i = i  1 J P J 5 P
( 3 . 4 . 2 . 1 )
i< j  =
S i m p l i f i c a t i o n  o f  t h i s  s t a t e m e n t  r e q u i r e s  two p a r t s ,  namely f o r  s 
even and for s odd.
Assume t h a t  s i s  even.  Then |Q4 I<m s . Now ( l> a ) p  = +1, 
f o r  a l l  p r im es  p ,  where a i s  a n o n -z e ro  i n t e g e r .  T h e r e f o re ,
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Thus, (3 .4
« l 0t4 > a i a 5 
a r e  odd. 
i f  s = 4n,
F o r  s = 4n
i s  even.
For i  = 2, 
a c c o rd in g  
Thus,  (3.4
= 1  by C o r o l l a r y  3 . 3 . 1 .
. 2 . 1) becomes
[ 5 a . ( a . + l ) / 2  5 a j a j  In ( - i > e i ) T31 1 n (e .  , 0 = 1 . ( 3 . 4 . 2 . 2)
i=l . p JL,i<j = l J F J
Now a ^ ,  ( i  = 2 ,3 )  i s  even;  a ^ ,  ( i  = 1 , 4 , 5 )  i s  odd.  Thus ,  ' 
and 04015 a re  th e  on ly  p r o d u c t s  a^o i j ( i< j  = 1 , . . . , 5 )  which 
ou(ou + l ) / 2 ,  ( i  = 2 , 3 , 4 )  i s  odd. ( a ^ + l ) / 2 , ( i  = 1 ,5 )  i s  even ,  
(n = 1 , 2 , 3 , . . . )  and i s  odd i f  s = 4n -2 ,  (n = 1 , 2 , 3 , . . . ) .
Thus,  f o r  s = 4n,  (n = 1 , 2 , 3 , . . . ) , ( 3 . 4 . 2 . 2 )  becomes 
( - i . ^ V p C e p V p  -  1 .
- 2 ,  (n = 1 , 2 , . .  . ) ,  ( 3 . 4 . 2 . 2 )  i s
( - 1 , e 203 ) p ( - 1 , e 4e5)p (9405)p  = 1 .
Assume t h a t  s i s  odd. Then |Q4 1 1. Now a ^ O j ( i< j  = 1 , . . . , 5 )
Hence,  ( 3 . 4 . 2 . 1) may be s i m p l i f i e d  t o
5 ct^(ot£+l)/2
( 9 i , s )  n ( - l , 0 i ) D = I -  ( 3 . 4 . 2 . 3 )
p i = l  p
3 , 4 , 5 ,  a i ( a ^ + l ) / 2  i s  even .  But a 1 ( a ^ + l ) / 2  i s  even o r  odd 
as s = 4m+l, (m = 1 , 2 , . . . )  o r  s = 4m-1,  (m = 1 , 2 , 3 , . . . ) .
- .2 .3 )  reduce.s to
(0 l , s )p  = 1 ,  i f  s = 4m+l, (m = 1 , 2 , . . . )
(0 l , - s )  = 1 ,  i f  s = 4m-1,  (m = 1 , 2 , . . . ) .
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The f o r e g o in g  r e s u l t s  a r e  summarized i n  t h e  f o l l o w i n g
theorem:
Theorem 3 . 4 . 2 . 1
A n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  o f  a r e g u l a r ,  
symmetric  q u i n t i c  d e s ig n  i s  t h a t ,  f o r  a l l  p r im es  p ,
i )  O M 2 03 ) p ( 0 l > 05)p = 1 » i £  s=0 (mod 4)
i i )  ( - 1 , 0 2 ® 3 ^ p ^ *®4®5^p^®4’ 05^p = ££ s ~^ (rood 4)
i i i )  (01 , s ) p = 1, i f  s =1 (mod 4)
i v )  C6 i> ~ s )p  = 1 ,  i f  s=3 (mod 4 ) .
For t h e  f o l l o w i n g  s e t s  o f  p a r a m e t e r s ,  d e s ig n s  do n o t  e x i s t :
a) s = 4 ,  v = 1024, r  = k = 40
X1 = 11,  X2 = 5,  X3 = 2, X4 = 1, \ 5 = 0
0O = 1600, d 1 = 452,  02 = 104, 63 = 44,  04 = 16,  05 = 20.
Here,  ( - 1 , 0263) 2^0 i , 0s ) 2 =
b)  s = 4 ,  v = 1024, r  = k = 46
Aj = 9 ,  A2 — 8 , A3 = 3,  A4 = 1, A3 = 0
0q = 2116, 0 j  = 616,  02 = 108, 03 = 16,  04 = 20, 0^ = 56.
Here ,  ( - 1 , 6263) 3 (01*65)3  =
For  i i i )  i n  t h e  f o r e g o in g  theorem,  i f  s i s  a p e r f e c t  s q u a r e ,  
(0 1 , s ) p  i s  always equa l  t o  one.
3 .5  Some N ecessa ry  C o n d i t io n s  f o r  t h e  E x i s t e n c e  o f  C e r t a i n  Unsymmetrical  
Q u i n t i c  Designs
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N ecessary co n d it io n s  fo r  the e x i s t e n c e  o f  c e r ta in
unsym m etr ica l  p a r t i a l l y  b a l a n c e d  in c o m p le te  b lo c k  d e s ig n s  b a s e d  upon 
t h e  e ig e n v a lu e s  and c o r r e s p o n d in g  e i g e n v e c t o r s  o f  NN' a r e  known 
(S h r ikhande ,  S . S . ,  Raghavarao,  D. and T h a r t h a r e ,  S.K. (1963) ,  Theorem 
3 . 2 ) .  For  conven ience  o f  r e f e r e n c e ,  t h e s e  c o n d i t i o n s  a r e  r e s t a t e d  h e r e  
as t h e  fo l l o w i n g  theorem.
Theorem 3 . 5 . 1
Let  a p a r t i a l l y  b a l a n c e d  inc om ple te  b lo c k  d e s ig n  w i th  n+1 '
a s s o c i a t e  c l a s s e s  and b = v - a  have d i s t i n c t  p o s i t i v e  r a t i o n a l  r o o t s
0q = r k ,  0 j _ , . . . , 0n w i th  m u l t i p l i c i t i e s  oiq = 1 , a j , . . . , a n and ze ro  as a
r o o t  w i th  m u l t i p l i c i t y  a ,  (o p _1) . Let  Qj_, Qn and Q be the
gramians  o f  th e  s e t s  o f  r a t i o n a l  v e c t o r s  c o r r e s p o n d in g  t o  t h e  r o o t s
0 j ,  and z e ro ,  r e s p e c t i v e l y .  Then a  n e c e s s a r y  c o n d i t i o n  f o r
t h e  e x i s t e n c e  o f  such a d e s ig n  i s  t h a t
n oh
| q | n e.  a>i  ( 3 . 5 . i )
i =0 1
and,  i f  ( 3 .5 . 1 )  i s  s a t i s f i e d ,  th e n  f o r  a l l  p r im es  p ,
n \ n
( 3 . 5 . 2 )
The i m p l i c a t i o n s  o f  t h e  f o r e g o in g  theorem f o r  q u i n t i c  
d e s ig n s  a r e  now d i s c u s s e d .  For t h e s e  d e s i g n s ,  v = s^ and | |  /v s ,
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|Q.|/v> 1, ( i  = 2 , 3 ) ,  | Qj | a/ s s +1 , ( j  = 4 , 5 ) ,  by ( 3 , 4 . 1 . 6 ) .  The f o l l o w i n g  
theorems a r e  deduced.
Theorem 3 . 5 . 2
No q u i n t i c  d e s ig n s  h av in g  s odd,  some 0  ^ = 0 ,  ( i  = 1 , . . . , 5 ) ,  
and b = s^-cx, where a=a^,  t h e  m u l t i p l i c i t y  o f  t h e  zero  e i g e n v a l u e ,  e x i s t .  
P r o o f :
By Theorem 3 . 5 . 1 ,  a n e c e s s a r y  c o n d i t i o n  f o r  t h e  e x i s t e n c e  
o f  such a d e s ig n  i s
5 a.
|Qi | n e ^ / u i  , ( 3 . 5 . 3 )
j =0
where j ^ i  and i s  t h e  m a t r i x  whose columns a r e  t h e  gramians  o f  the  
s e t  o f  e i g e n v e c t o r s  c o r r e s p o n d in g  t o  0^. For s odd, a ( i  = 1 , . . . , 5 )  
i s  even ,  | Q j | / v s  and | q ^ | a j 1 , ( i  = 2 , . . . , 5 ) .
F i r s t l y ,  assume t h a t  0^ = 0 .  Equa t ion  ( 3 . 5 . 3 )  y i e l d s
0 q O >S .
S ince  0^ = r k ,  t h i s  im p l i e s  t h a t  vrk  i s  an i n t e g r a l  s q u a r e .  But vr=bk,  
or ,  e q u i v a l e n t l y ,  vrk = bk . Hence,  b must  be an i n t e g r a l  s q u a r e .  But 
b = s 5 - 5 ( s - 1) .
Second ly ,  assume t h a t  some 0^ = 0 ,  ( i  = 2 , . . . , 5 ) .
Equa t ion  ( 3 .5 . 3 )  y i e l d s
0 q /v  1 .
2 5 2 5S ince  vr=bk and 0^ = r k ,  0 q  = bk / s  . Thus,  bk / s  must be  an i n t e g r a l
s q u a re .  This  i m p l i e s  t h a t  b / s  i s  an i n t e g r a l  s q u a r e .  But b = s ^ - a ^ ,
( i  = 2 , . . . , 5 ) .
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Theorem 3 . 5 . 3
No q u i n t i c  d e s ig n  e x i s t s  f o r  v and b r e l a t i v e l y  p r im e .
P r o o f :
For p a r t i a l l y  b a l a n c e d  in c o m p le te  b lo c k  d e s i g n s ,  k < v 
and h e n c e ,  r  < b .  S ince  k = v r / b ,  and s i n c e  v and b a r e  r e l a t i v e l y  p r im e ,
b must d i v i d e  r .  But r  < b .
In p a r t i c u l a r ,  i f  s i s  even ,  and i f  s M  (mod 1 0 ) ,  t h e n  
v = s^  and b = v - a ^ ,  ( i  = 1 o r  4) a r e  r e l a t i v e l y  p r im e .  Hence,
C o r o l l a r y  3 . 5 . 3
I f  a  q u i n t i c  d e s ig n  e x i s t s  f o r  s even ,  v = s^ and b = v - a ^ ,
( i  = 1 o r  4 ) ,  t h e n  s=0 (mod 10) .
I f  such d e s ig n s  e x i s t ,  k = cqs ^> where Cq<s and Cq i s  even.  
C o r o l l a r y  3 . 5 . 3 *
No q u i n t i c  d e s ig n s  h a v in g  s even ,  v = s'* and b = v -a^  e x i s t .
P r o o f :
s 5 and s 5 - ( s - 1)^  a r e  r e l a t i v e l y  p r im e .
Necessary  c o n d i t i o n s  f o r  t h e  e x i s t e n c e  o f  t h e  ty p e  o f
d e s ig n  d e s c r i b e d  i n  Theorem 3 . 5 . 1  may be enumerated  f o r  q u i n t i c  d e s i g n s ,
f o r  s even ,  w i t h ,  o f  c o u r s e ,  t h e  r e s t r i c t i o n s  on s o f  C o r o l l a r y  3 . 5 . 3 .
i )  For  ©2 = 0  and s^O (mod 10) ,
^ 0O0405 ™ ^ ‘
I f  t h i s  c o n d i t i o n  i s  s a t i s f i e d ,  th e n  f o r  a l l  p r im es  p ,
( 0O>- s )pCe 4 >®5^ p^ _ 1 , 02e 3^p = 1<
i i )  For  02 = 0 and s even ,
eO0 i e 405'v l -
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I f  t h i s  c o n d it io n  i s  s a t i s f i e d ,  then fo r  a l l  primes p ,
fc.-iy v-V'-WsVvvsyv^y-^iWp •= *■
f o r  s=0 (mod 4 ) ,
and
( s , - l ) p ( 0 o » - s ) p ( s J6 10 4 05 ) p ( e i , 04 e 5 )pCe 4 Je 5 ) p ( - l , 0 3 ) p  = 1,
f o r  s=2 (mod 4 ) .
i i i )  For 0^ = 0 and s even ,
V i V s " 1-
I f  t h i s  c o n d i t i o n  i s  s a t i s f i e d ,  then  f o r  a l l  p r im es  p ,
( s , - l ) p ( 0 o » " s ) p ( s > e l e 4 e 5 ^ p ^ 6 l j e 4 9 5 ^ p ^ 0 4 ’ e 5 ^ p ^ “ l j e l 0 2 e 5 ) p  = ' 1 »
f o r  ssO (mod 4 ) ,
and
( s , - l ) p ( 0 o >-s ) p ( s J0 i 0405)pC01 J94 95 ) p ( e 4 }e 5 ) p ( - 1 »92-)p = 1 >
f o r  s=2 (mod 4 ) .
iv )  For 0 ^ = 0  and s=0 (mod 10),
s 0O0 l 05 / V l "
I f  t h i s  c o n d i t i o n  i s  s a t i s f i e d ,  th e n  f o r  a l l  p r im es  p ,
( - l , - l ) pCp (Q4 H 6 0 , - s ) p (61 , 9 5 )p C - l , 6 283) p = 1. 
Some examples o f  n o n - e x i s t e n t  d e s ig n s  a r e  g iven
Tab le  3 . 5 . 1 .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
TABLE 3 . 5 . 1  
. PARAMETERS FOR NON-EXISTENT QUINTIC 
DESIGNS WITH 0. = 0 AND b = s 5- a i
s V r k b o
CD i )
i i )
X1
e l
x2
e 2
x3
03
x4
e4
X5
05
Reason
2 32 11 16 22 176 i 4 6 6 4 5
i i 6 0 6 16 6 eO0 l 0405 ~  11
2 32 11 16 22 176 i 5 7 4 5 5
i i 12 4 0 8 36 0O0 l 0405 ™ ^
2 32 11 16 22 176 i 3 8 3 7 5
i i 4 4 0 8 76 0O0 10405 N 418
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CHAPTER IV
BLOCK STRUCTURE OF CERTAIN QUINTIC DESIGNS
4 .1  In trodu ction
The b lo c k  s t r u c t u r e  o f  c e r t a i n  p a r t i a l l y  b a l a n c e d  
incom ple te  b lo c k  d e s ig n s  h a v in g  two and t h r e e  a s s o c i a t e  c l a s s e s  has  
been s t u d i e d  (Shah (1964) ,  (1965) ,  (19 6 6 ) ) .  R e s u l t s  on t h e  b loc k  
s t r u c t u r e  o f  d e s ig n s  h av in g  f o u r  a s s o c i a t e  c l a s s e s  have been  o b t a i n e d  
(O 'Shaughnessy  (1968 ) ) .  In  each  i n s t a n c e ,  th e  d e s ig n s  s t u d i e d  had  
c e r t a i n  p r o p e r t i e s .  For t h e s e  d e s i g n s ,  bounds on th e  number o f  
t r e a t m e n t s  common t o  any two b lo c k s  o f  th e  d e s ig n  and an u p p e r  bound 
f o r  t h e  number o f  b lo c k s  h a v in g  a s p e c i f i e d  number o f  t r e a t m e n t s  i n  
common w i th  a g iven  b lo c k  have been  o b ta i n e d .
In t h i s  c h a p t e r ,  q u i n t i c  d e s ig n s  h a v in g  th e  p r o p e r t y  t h a t  
01 = 62 = 63 = 64 = 0 w i l l  be  s a i d  t o  be  o f  Type A and,  f o r  t h e s e  
d e s i g n s ,  e x p r e s s io n s  f o r  th e  a fo rem en t io n ed  bounds a r e  d e r i v e d .
I t  fo l lo w s  from Theorems 2 . 6 . 1 ,  2 . 6 . 2 ,  2 . 6 . 3  and 2 . 6 . 4 ,  
r e s p e c t i v e l y ,  t h a t  each b lo c k  o f  a q u i n t i c  d e s ig n  o f  Type A c o n t a in s
i )  k / s  t r e a t m e n t s  o f  t h e  form ( a , B , y , 6 , e )  f o r  each f i x e d  
a ,  f o r  each f i x e d  8 , f o r  each f i x e d  y ,  f o r  each f i x e d  6 and f o r  each 
f i x e d  e,
i i )  k / s ^  t r e a t m e n t s  o f  th e  form ( a , B , y , 6 , e )  f o r  each 
f i x e d  p a i r  o f  e l e m e n t s ' a , B , y , 6 , e ,
i i i )  k / s 3 t r e a t m e n t s  o f  t h e  form ( a , 6 , y , 6 , e )  f o r  each 
f i x e d  t r i p l e  o f  e lem en ts  a , 8 , y , 6 , e ,
66
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i v )  k / s  t r e a t m e n t s  o f  t h e  form ( a , 8 , y , 6 , e )  f o r  each
f i x e d  q u a d ru p le  o f  e lem en ts  a , 8 , y , 6 , e .
Q u in t i c  d e s ig n s  whose b lo c k s  have th e  f o r e g o in g  p r o p e r t i e s ,  
b u t  n o t  n e c e s s a r i l y  t h e  p r o p e r t y  0  ^ = = 03 = 6^ = 0 , w i l l  be s a i d  t o
be  o f  Type B.
As O'Shaughnessy (1968) has  found,  t h e  b lo c k  s t r u c t u r e  o f  
d e s i g n s  o f  Type B i s  t h e  more e a s i l y  s t u d i e d .  Des igns  o f  Type A a r e  
a s p e c i a l  c a s e  o f  Type B d e s i g n s .
o b t a i n e d  f o r  d e s ig n s  o f  Type B y i e l d  r e s u l t s  f o r  d e s i g n s  o f  Type A, when 
t h e  d e s ig n  i n  q u e s t i o n  has  0  ^ = = 0^ = 0^ = 0 .
4 . 2 .  Bounds f o r  t h e  Number o f  T rea tm en ts  Common t o  any Two Blocks o f  
a Q u i n t i c  Des ign o f  Type B 
Theorem 4 . 2 . 1
By Theorem 2 . 6 . 5 ,
Thus,  0^ >_ r ( v - k )  / ( b - 1 )  i m p l i e s  t h a t  b >_ 1 + ( s - l ) * \  R e q u i r in g  t h a t  
6^ >_ k i s  e q u i v a l e n t  t o  r e q u i r i n g  t h a t  b >_ r  + ( s - 1 ) ^ .  Hence,  theorems
The number m o f  t r e a t m e n t s  common t o  any two b l o c k s  o f  a
q u i n t i c  d e s ig n  o f  Type B, w i th  0^ r ( v - k ) / ( b - 1 ) , s a t i s f i e s  t h e  
i n e q u a l i t i e s
m a x (0 , T p  <_ m _< m i n ( k , T p , ( 4 . 2 . 1 )
where
k ( r - l )  - / k ( b - 2 ) ( v - k ) [ 05 ( b - 1) - r ( v - k ) ]  /v ( 4 . 2 . 2 )
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
68
and
.jm = k ( r - l )  + A  (v -k)  ( b - 2 ) [ e , .  ( b - 1) - r  (v-k)  ]  / v  ( 4 . 2 . 3)
b -1
P r o o f :
Let  t h e  b lo c k s  o f  t h e  d e s i g n  be d e s i g n a t e d  . . .  ,B^.
Denote t h e  number o f  t r e a t m e n t s  common t o  b lo c k s  B, and B. by
1 i
x ^ , ( i = 2 , 3 ,  . . .  , b ) . Let  x^  = m. The t o t a l  number o f  t r e a t m e n t s  t h a t  
b lo c k  Bj has  i n  common w i th  t h e  o t h e r  b lo c k s  i s  
b
Z x. = k ( r - l ) .  ( 4 . 2 . 4 )
i =2 1
S ince  X£ = m,
b
E x.  = k ( r - l )  - m. ( 4 . 2 . 5 )
i=3
C ons ide r  t h e  number o f  p a i r s  o f  t r e a t m e n t s  i n  t h e  d e s ig n  in
common w i th  p a i r s  o f  t r e a t m e n t s  c o n t a in e d  in  b lock  B^. Th is  i s  t h e
number o f  such  p a i r s  o f  t r e a t m e n t s  t h a t  a r e  f i r s t ,  . . .  , f i f t h  a s s o c i a t e s .
Suppose t r e a t m e n t  t  = ( a , 3 , y , 6 , e )  i s  i n  B  ^ . Then,  by
4Theorem 2 . 6 . 4 ,  B  ^ c o n t a i n s  k / s  t r e a t m e n t s  o f  t h e  form ( a , 3 , y , 6 , e )  f o r
eve ry  f i x e d  quad rup le  o f  t h e  e lem en ts  a , 3 , y , S , e .  B^  c o n t a i n s
5 ( k / s ^  -1 )  = ( 5 / s ^ ) ( k - s ^ )  f i r s t  a s s o c i a t e s  o f  t r e a t m e n t  t  = ( a , 3 , y , 6 , e ) .
3
S i m i l a r l y ,  by Theorem 2 . 6 . 3 ,  B  ^ c o n t a i n s  k / s  t r e a t m e n t s  o f
t h e  form ( a , B , y , 6 , e )  f o r  eve ry  f i x e d  t r i p l e  o f  th e  e lem en ts  a , 8 , y , 6 , e .
3
However, o f  t h e  k / s  t r e a t m e n t s  o f  t h e  form ( a , 3 , y ,  ___ ,___ ) ,  on ly
3 4 4 4k / s  - 2 ( k / s  - 1) -1  = ( 1/ s  ) (ks - 2k + s ) a r e  second a s s o c i a t e s  o f  t r e a t m e n t
t  = ( a , 8 , y , 6 , e ) . In a l l ,  t h e  number o f  second a s s o c i a t e s  o f  t r e a t m e n t
4 4t  = (ot, 3 , y ,  <5,e) i n  b lo c k  B  ^ i s  (1 0 / s  ) (ks - 2k + s ) .
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By u s in g  Theorems 2 . 6 . 2  and 2 . 6 . 1 ,  i t  i s  c l e a r  t h a t  t h e  
number o f  t h i r d  a s s o c i a t e s  o f  t h e  t r e a t m e n t  t  = (a,B,y,<$,e)  i n  b lo c k  
Bx i s  10 { k / s 2 - 3 ( k / s 3 - 2 k / s 4+l)  - 3 ( k / s 4 - l ) -1 } = ( 1 0 / s 4 ) ( k s 2 -3ks  + 3k -s4) 
and t h a t  t h e  number o f  f o u r t h  a s s o c i a t e s  o f  t h i s  t r e a t m e n t  i n  b lo c k  B^
i s  5 ) k / s - 4 ( k / s 2 - 3 k / s 3+3 k /s4 - l )  - 6 ( k / s 3 - 2 k / s 4+l )  - 4 ( k / s 4 - ! )  r l  } =
" 4 3 2 4; ' (5/s ) (ks -4ks  +6ks-4k: +s ) .  The number o f  f i f t h  a s s o c i a t e s  o f  t  =
( a , $ , Y , 5 , e )  i n  b loc k  B^, o b ta in e d  by s u b s t r a c t i o n ,  i s  k - ( 5 / s 4 )
(k s3 - 4 k s 2+6ks-4k+s4) - ( 1 0 / s 4) ( k s 2-3 k s + 3 k -s 4 ) - ( 1 0 / s 4 ) (k s -2k+s4 ) -
( 5 / s 4 ) ( k - s 4 ) - 1 = ( 1 / s 4 ) ( k s 4 -5 k s 3+10ks2 -10ks+5k - s 4 ) .
The number o f  p a i r s  o f  t r e a t m e n t s  i n  b lo c k s  o t h e r  th a n  B^
t h a t  a l s o  a r e  p a i r s  o f  t r e a t m e n t s  i n  Block B^ i s
b , 2  ‘
E x . ( x . - l )  = { 5A +10(s-2)A +10(s -3 s  + 3)A +5(s  -4s
i =2 1 1 s 4 1 2 6
+6s-4)A4+ ( s 4 - 5 s 3+10s2-10s+5)A5 l
-k{5A1-10A2+10A3 -5A4+A5 ( - k ( k - l )
2
= ^ - j 5 ( s - l ) A 1+ 1 0 ( s - l ) 2A2+ 1 0 ( s - l ) 3A3 
s
2
+5 ( s - l ) 4A4+ ( s - l ) 5A5 l + ( ^ -  -k )  (5A1
s
-10A2+10A3 -5A4+A5 ) - k ( k - l )
= P '  - k ( r - l ) ,  ( 4 . 2 . 6 )
where ,
P . = £  | e 5 ( v - k ) - k ( v - r k ) | .
In t h i s  c a s e ,  f o r  x2 = m, ( 4 . 2 . 4 )  and ( 4 . 2 . 6 )  become 
b
E x.  = k ( r - l )  - m 
i=3 •
and
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
7 0
b
I  x ^ X j - 1 )  = P* - k ( r - l )  - m (m - l ) . ( 4 . 2 . 7 )
i  = 3
b _ 2
Now, E (Xi-x)  > 0 im p l i e s  t h a t  
i=3
P . _ m2 _ > o
b -2
o r ,  e q u i v a l e n t l y ,
(b - l ) m 2- 2 k ( r - l ) m + k 2 ( r - l ) 2- ( b - 2 ) P '  ^  0.  ( 4 . 2 , 8 )
The s o l u t i o n s  t o  t h e  c o r r e s p o n d in g  q u a d r a t i c  e q u a t io n  may be reduced  to
T' and T' as  g ive n  by ( 4 . 2 . 2 )  and ( 4 . 2 . 3 ) ,  r e s p e c t i v e l y .  These 
1 2
s o l u t i o n s  a r e  r e a l ,  i f  0^ >_ r ( v - k ) / ( b - l )  . E qua t ion  ( 4 . 2 . 3 )  i s  s a t i s f i e d  
f o r  T'  <_ m T' and,  s i n c e  0 < m _< k ,  t h e  r e s u l t  f o l l o w s .JL ^ w"m
C o r o l l a r y  4 . 2 . 1
In  a q u i n t i c  d e s ig n  o f  Type B w i th  0^ = r ( v - k ) / ( b - l ) , 
k ( r - l ) / ( b - l )  i s  an i n t e g e r  and any two b lo c k s  o f  th e  d e s ig n  have 
k ( r - l ) / ( b - l )  t r e a t m e n t s  i n  common.
4 . 3  The Number o f  Blocks o f  a Q u i n t i c  Design o f  Type B h av in g  a 
S p e c i f i e d  Number o f  T rea tm e n ts  in  Common w i th  a Given Block 
Theorem 4 . 3 . 1
In  a q u i n t i c  d e s ig n  o f  Type B w i th  0^ > r ( v - k ) / ( b - l ) , 
i f  d i s  t h e  number o f  b lo c k s  each h a v i n g  e x a c t l y  m (m <_ k) 
t r e a t m e n t s  i n  common w i th  a g iven  b l o c k ,  then
d < b  -  1 -  h ( r - l ) - m ( b - l ) | 2  _ ( 4 _s > 1 )
~  Q'
where
Q' = P' + m2 ( b - l ) - 2 k m ( r - l )  ( 4 . 3 . 2 )
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and
P'  = £ {  0 [;( v - k ) - k ( v - r k ) (  . ( 4 . 3 . 3 )
v
I f  e q u a l i t y  ho ld s  i n  ( 4 . 3 . 1 ) ,  then  
m' = P ' - k m ( r - l )  ,
k ( r - l ) - m ( b - l )
where k ( r - 1) - m ( b - l ) ^  0 , i s  an i n t e g e r  and each o f  t h e  r e m a in in g  b - d -1 
b lo c k s  has  m1 t r e a t m e n t s  i n  common w i th  t h e  g iven  b l o c k .
P r o o f :
Let  th e  b b lo c k s  o f  th e  d e s ig n  be d e s i g n a t e d
Denote t h e  number o f  t r e a t m e n t s  common t o  b lo c k s  and by
b _
( i  = 2 , 3 , .  . . , d + l )  . I t  i s  C le a r  t h a t  t h e  e x p r e s s i o n  z ( x ^ x ) 2 > 0
i= d +2
im p l i e s
p. .  dn2 .  > 0 .
b - d -1  -
dQ' <_ ( b - l ) Q '  - |  k ( r - l )  - m ( b - l ) } 2 . ( 4 . 3 . 4 )
That  Q1 > 0 f o r  05 > r ( v - k ) / ( b - l )  i s  c l e a r ,  s i n c e
k (v -k )  ( , | k ( r - l ) - m ( b - l ) } 2q.  = (b _ 1) _ r (v _k ) l  + ^ ^   . ( 4 . 3 . 5 )
v ( b - l )  ( 5 1 b -1
Thus ,  (4 . 3 . 4) becomes
d < b - i  U ( r - i ) - m ( b - i ) } 2
-  Q<
I f  0r = r ( v - k ) / ( b - 1 ) , Q' = 0 ,  by C o r o l l a r y  4 . 2 . 1 .
*  - 2I f  e q u a l i t y  h o ld s  i n  ( 4 . 3 . 1 ) ,  then  E ( x . - x )  = 0,
i= d +2
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which i m p l i e s  a l l  ( i  = d + 2 , . . . , b )  a r e  e q u a l .  S ince  
b
Z x. = k ( r - 1 ) - d m ,  
i= d +2
t h e y  a r e  equa l  t o
m« k ( r - 1)-dm
b - d -1
P*-km(r-1)
~ k ( r - l ) - m ( b - l )  *
where k ( r - l )  /  m ( b - l ) .
C o r o l l a r y  4 . 3 .1
N ecessary  and s u f f i c i e n t  c o n d i t i o n s  f o r  a g iven  b lo c k  o f  
a  q u i n t i c  d e s ig n  o f  Type B t o  have  th e  same number m o f  t r e a t m e n t s  in  
common w i th  each o f  th e  rem a in ing  b -1  b lo c k s  a r e  t h a t  r ( v - k ) / ( b - l )
and k ( r - 1) / ( b - 1) be i n t e g e r s  equa l  t o  05 and m, r e s p e c t i v e l y .
P r o o f :
Each o f  t h e  f o l l o w i n g  c o n d i t i o n s  i s  t r u e  i f  and on ly  i f  
t h e  o t h e r s  a r e  t r u e :
i )  a l l  x^ a r e  equa l  
b
i i )  Z ( x —x) 2 = 0 
i =2
i i i )  P '  -  k2 ( r - 1 ) 2/ ( b - 1 )  = 0
i v )  ( b - l ) Q '  - { k ( r - l ) - m ( b - l ) } 2 = 0
v) m = k ( r - 1 ) / ( b - 1 )  and Q* = 0
v i )  m = k ( r - l ) / ( b - l )  and 0^ = r ( v - k ) / ( b - 1) .
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The l a s t  s t a t e m e n t  f o l l o w s  from ( 4 . 3 . 5 ) .  By t h e i r  d e f i n i t i o n s ,  
m and 05 a r e  i n t e g e r s .
C o r o l l a r y  4 . 3 . I 1
N ecessa ry  and s u f f i c i e n t  c o n d i t i o n s  f o r  a g iven  b lo c k  o f
a  symmetr ic  q u i n t i c  d e s ig n  o f  Type B t o  have th e  same number m o f
t r e a t m e n t s  i n  common w i th  each o f  t h e  rem a in in g  b -1  b lo c k s  a r e  t h a t  
0^ = r ( s 5- r ) / ( s ^ - l )  and m = r ( r - l ) / ( s 5 - l )  = 05 ( r - l ) / ( s 5 - r ) .
P r o o f :
Let  v = b = s^  and k = r  i n  C o r o l l a r y  4 . 3 . 1 .
Theorem 4 . 3 . 2
In  a q u i n t i c  d e s ig n  o f  Type B w i th  0^ > r ( v - k ) / ( b - 1 ) , i f
d i s  t h e  number o f  b lo c k s  o f  t h e  d e s ig n  d i s j o i n t  w i th  a g iven  b l o c k ,
th e n
d < b 1 k v ( r - l ) 2 ( v - k ) ! 95 ( b - l ) - r ( v - k ) }
-  0 5 ( v - k ) - k ( v - r k )  05 ( v - k ) - k ( v - r k )
( 4 . 3 . 6 )
I f  some b lo c k  has  e x a c t l y  t h a t  many b lo c k s  d i s j o i n t  w i th  i t ,  th e n  
each n o n - d i s j o i n t  b lo c k  has
m e s (v-k)- i=[Y-rk) (4 3 7)
v ( r - l )
t r e a t m e n t s  i n  common w i th  t h e  g iven  b lo c k .
P r o o f :
Let  m = 0 i n  Theorem 4 . 3 . 1 .  I t  f o l l o w s  t h a t
d < b - i --------------- _________________ _
( k / v ) | e 5 ( v - k ) - k ( v - r k )}
which reduce s  t o  t h e  r e q u i r e d  r e s u l t .  I f  e q u a l i t y  h o ld s  i n  ( 4 . 3 . 6 ) ,
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t h e n  m1 o f  Theorem 4 . 3 . 1  becomes
m' = - J i —
k ( r - l )
65 ( v - k ) - k ( v - r k )
= _ _
Theorem 4 . 3 . 3
In  a q u i n t i c  d e s ig n  o f  Type B w i th  v = k t  and b = r t  
( t  > 1 , an i n t e g e r ) ,  i f  a b lo c k  has  t -1 b lo c k s  d i s j o i n t  w i th  i t ,  
t h e n  a n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  t h a t  b lo c k  t o  have th e  
same number o f  t r e a t m e n t s  i n  common w i th  each o f  t h e  r e m a in in g  b - t  
b lo c k s  i s  t h a t  0^ = k.
P r o o f :
Assume t h a t  x^ ( i  = t + l , . . . , b )  a r e  e q u a l .  Then
b _  2
E ( x . - x )  = 0.  According  t o  th e  p r o o f  o f  Theorem 4 . 3 . 1 ,  t h i s
i = t + l  1 
i m p l i e s  t h a t
t -1 -  b -1  -  l k (r ~1) - m(b- 1) } 2
Q'
Let  m = 0 i n  t h i s  e x p r e s s i o n .  The r e s u l t  i s
( b - t )  {o5 ( v - k ) - k  (v-rk)}  - v k ( r - l ) 2 = 0 .
Upon s e t t i n g  b = r t  and v = k t ,  t h i s  r educe s  t o
t k ( r - l ) ( t - 1) ( 05~k) = 0 ,
which i s  t r u e  i f  0^ = k.
C o n v e r s e ly ,  assume t h a t  0^ = k.  Then,  f o r  m = 0 ,  v = k t
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and b = r t ,  t h e  upper  bound fob  d i n  ( 4 . 3 . 1 )  s i m p l i f i e s  t o  t - 1 .  Thus,  
e q u a l i t y  h o ld s  i n  ( 4 . 3 . 1 )  and b a c h . o f  t h e  r em a in ing  b - t  b lo c k s  h a s  , 
t h e  same number m' o f  t r e a t m e n t s  i n  common w i th  t h e  s p e c i f i e d  b lo c k ,  
m' = k ( r - 1 ) / ( b - t )  = k / t .  S ince  m1 i s  an i n t e g e r ,  k i s  d i v i s i b l e  by t .
A d e s ig n  i s  s a i d  t o  be r e s o l v a b l e  i f  i t s  b b lo c k s  may be 
d i v i d e d  i n t o  r  s u b s e t s  o f  b / r  b lo c k s  such t h a t  each s u b s e t  c o n t a i n s  
each  t r e a t m e n t  e x a c t l y  once.
A d e s i g n  i s  s a i d  t o  be a f f i n e  r e s o l v a b l e  i f  i t  i s  
r e s o l v a b l e  and such t h a t  any two b lo c k s  from d i f f e r e n t  s u b s e t s  have 
t h e  same number o f  t r e a t m e n t s  i n  common.
C o r o l l a r y  4 . 3 . 3
I f  a q u i n t i c  d e s ig n  o f  Type B i s  r e s o l v a b l e ,  t h e n  0^ >_ k.
P r o o f :
I f  d i s  t h e  number o f  b lo c k s  o f  t h e  d e s ig n  d i s j o i n t  w i th  
a g iv e n  b l o c k ,  t h e n  d - 1 .
From ( 4 . 3 . 6 ) ,
d < (v-k)  J e 5 ( b - l ) - r ( v - k ) J  _
05 ( v - k ) - k ( v - r k )
When t h e s e  two i n e q u a l i t i e s  a r e  combined and s i m p l i f i e d ,  t h e  r e s u l t  
f o l l o w s .
C o r o l l a r y  4 . 3 . 3 1
A n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  a r e s o l v a b l e  
q u i n t i c  d e s ig n  o f  Type B t o  be a f f i n e  r e s o l v a b l e  i s  t h a t  = k.
P r o o f :
This  f o l l o w s  from Theorem 4 . 3 . 3  and C o r o l l a r y  4 . 3 . 3 ,  w i th
d = — - 1 and t  = — . r  r
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Theorem 4 . 3 . 4
In a q u i n t i c  d e s ig n  o f  Type B, i f  8<_ = k and v = nk,  
f o r  some f a c t o r  n o f s ,  l < n < k ,  th e n  any b lo c k  o f  t h e  d e s ig n  i s  
d i s j o i n t  w i th  a t  most n -1 o t h e r  b l o c k s .
P r o o f :
From Theorem ( 4 . 3 . 2 )  and ( 4 . 3 . 6 )  w i th  0^ = k and v = nk,  
i t  f o l l o w s  t h a t  d < ^ n - l .
Theorem 4 . 3 . 5
I f  r ( v - k ) / ( b - 1 )  < 0 < 2 r ( v - k ) / ( b - 2 )  i n  a  q u i n t i c  d e s ig n
o f  Type B, th e n  no two b lo c k s  o f  t h e  d e s ig n  a r e  i d e n t i c a l ,  t h a t  i s ,  
no two b lo c k s  o f  t h e  d e s ig n  c o n s i s t  o f  t h e  same s e t s  o f  t r e a t m e n t s .  
P r o o f :
Let m = k i n  ( 4 . 3 . 2 ) .  Then,
From ( 4 . 3 . 1 ) ,
Q’ = 7  (v-k)  j e s * r ( v - k )  } .
d < b -1 -  v k ( b - r ) 2
Thus,
(v -k)  { e 5 + r  (v-k)  }
( b - l ) e  - r ( v - k )
d ---------- —  • ( 4 . 3 . 8 )
0 j. + r ( v - k )
From t h i s ,  t h e  d e s i r e d  r e s u l t  f o l l o w s ,  s i n c e  ( 4 . 3 . 8 )  becomes d < 1 
f o r  05 < 2r ( v - k ) / ( b - 2 ) .
Theorem 4 . 3 . 6
I f  0^ = k and b > 2 ( r - 1 )  i n  a q u i n t i c  d e s ig n  o f  Type B,
*
t h e n  no two b lo c k s  a r e  compr ised  o f  i d e n t i c a l  s e t s  o f  t r e a t m e n t s .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
77
P r o o f :
For 0 j  = k in  ( 4 . 3 . 8 ) ,
S ince  d < 1 f o r  b > 2 ( r - l ) ,  t h e  r e s u l t  f o l l o w s .
Theorem 4 . 3 . 7
I f  0g = k and v = nk (n >_ 2) i n  a q u i n t i c  d e s i g n  o f  
Type B, th e n  no two b lo c k s  o f  t h e  d e s i g n  a r e  compr ised  o f  i d e n t i c a l  
s e t s  o f  t r e a t m e n t s .
P r o o f :
Let  0j- = k in  ( 4 . 3 . 8 ) .  Again ,
d <_ ( r - l ) / ( b - r + l ) .
With v = nk and,  hence ,  b = n r ,  t h i s  e x p r e s s i o n  becomes
d <_ ( r - 1) / ( r n - r + 1) .
For n > 2,  d < 1 and th e  r e s u l t  f o l l o w s .
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CHAPTER V
A N  EXAMPLE OF THE ANALYSIS OF VARIANCE OF A QUINTIC DESIGN
5 .1  General  Remarks
The p u rpose  o f  th e  a n a l y s i s  o f  v a r i a n c e  o f  a p a r t i a l l y  
b a l a n c e d  incom ple te  b lo c k  d e s ig n  i s  t o  de te rm ine  i f  t h e  v t r e a t m e n t s  
have  d i f f e r e n t  e f f e c t s  and i f  s o ,  t o  compare t h e  e f f e c t s  o f  p a i r s  o f  
t r e a t m e n t s .  The a n a l y s i s  i s  d i v i d e d  i n t o  two p a r t s .  The f i r s t  p a r t ,  
i n t r a b l o c k  a n a l y s i s ,  d e te rm ine s  w he the r  t h e r e  a r e  d i f f e r e n c e s  
be tween t r e a t m e n t s  w i t h i n  b l o c k s .  The second  p a r t ,  t h e  i n t e r b l o c k  
a n a l y s i s ,  e x t r a c t s  i n f o r m a t i o n  r e g a r d i n g  th e  d i f f e r e n c e s  between 
t r e a t m e n t  e f f e c t s  t h a t  a r i s e  from t r e a t m e n t s  l y i n g  i n  d i f f e r e n t  
b l o c k s ,  t h a t  i s ,  between b l o c k s .  F r e q u e n t l y ,  th e  amount o f  i n t e r ­
b lo c k  in f o r m a t io n  i s  sm a l l  and i s  n o t  u t i l i z e d .
As i n  S e c t io n  2 . 5 ,  th e  i n t r a b l o c k  a n a l y s i s  i s  b a s ed  
upon th e  a d d i t i v e  model.
Y . . = u + t .  + 3 -  + e . . ,  (5 .113 M 1 3 11 '
i n  which Y - . i s  t h e  y i e l d  o f  th e  p l o t  i n  t h e  j - t h  b lo c k  t o  which the  
■*•1
i - t h  t r e a t m e n t  i s  a p p l i e d ,  y i s  th e  g e n e r a l  e f f e c t ,  i s  t h e  e f f e c t  
o f  th e  i - t h  b l o c k ,  t .  i s  th e  e f f e c t  o f  t h e  i - t h  t r e a t m e n t  and th e  e . . 
a r e  i n d e p e n d e n t ,  normal v a r i a t e s  hav ing  zero  mean and common v a r i a n c e  
a . The normal e q u a t io n s  f o r  t h i s  model a r e  o b t a i n e d  from th e  
m i n im iz a t io n  o f
'78
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I  E(Y-,  -  y - t -  - 3 - ) 2 . ( 5 . 1 . 2 )
i  j
A
An e s t i m a t e  o f  th e  i - t h  t r e a t m e n t  e f f e c t ,  t ^ ,  i s  o b t a i n e d  from the  
normal e q u a t io n s  and i s  g iven  by ( 2 . 5 . 1 2 ) .  The v a r i a n c e  o f  a c o n t r a s t  
be tween  two t r e a t m e n t s  i s  g iven  by ( 2 . 5 . 1 4 ) , . . . ,  ( 2 .5 . 1 8 )  , a c c o rd in g  as 
t h e  two t r e a t m e n t s  a r e  f i r s t , . . . , f i f t h  a s s o c i a t e s .
The i n t e r b l o c k  a n a l y s i s  u t i l i z e s  t h e  i n f o r m a t i o n  on 
t r e a t m e n t  comparisons  c o n t a in e d  i n  t h e  b lo c k  t o t a l s .  I t  i s  b a s e d  upon 
t h e  model
Y . = ky + E 6 • . t . + kB.= + E <5. -e- • . ( 5 . 1 . 3 )
* j  i  i
Y . i s  t h e  sum o f  t h e  y i e l d s  i n  t h e  j - t h  b l o c k ,  y ,  t ^ ,  and th e  e^ j  a re
as d e f i n e d  i n  t h e  i n t r a b l o c k  a n a l y s i s ,  w i th  eq u a l  t o  one o r  zero
a c c o rd in g  as the  i - t h  t r e a t m e n t  does o r  does n o t  appea r  i n  t h e  j - t h
b lo c k .  The Bj a r e  u n c o r r e l a t e d  v a r i a t e s  w i th  ze ro  means and common
v a r i a n c e  a D . The B-; a r e  a l s o  assumed t o  be  u n c o r r e l a t e d  w i th  t h e  e • •.
P J ± J
The normal e q u a t io n s  a r i s e  from th e  m in im iz a t io n  o f
E(Y . - ky - E 6 . . t . ) 2 ( 5 . 1 . 4 )
j  O  i  13 i
I n t e r b l o c k  e s t i m a t e s  o f  t h e  t r e a t m e n t  e f f e c t s  can be found
from t h i s  model.  However, what  i s  r e a l l y  r e q u i r e d  i s  a combined i n t r a -
»
i n t e r b l o c k  e s t i m a t e  i n  which th e  two e s t i m a t e s  a r e  w e igh ted  i n v e r s e l y  
as t h e i r  c o r r e s p o n d in g  v a r i a n c e s ,  t h a t  i s ,  t h e  i n t r a b l o c k  e s t i m a t e  i s  
w e igh ted  by W = 1 /a^  and th e  i n t e r b l o c k  e s t i m a t e  i s  w e ig h ted  by
W = l / ( a ^  + k a D^ ) . This  e s t i m a t e ,  deno ted  T . ,  i s  th e  one t h a tp i
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minimizes  t h e  w e igh ted  sum o f  s q u a re s  o f  d e v i a t i o n s ,
W I ICYij '  -  P -  n  -  P j ) 2 * I' ECf . j  -  kn -  I  S i j t j ) 2 .
( 5 . 1 . 5 )
This  combined e s t i m a t e ,  can be o b t a i n e d  (Rao (1947))  from th e
e x p r e s s i o n  ( 2 .5 . 1 3 )  f o r  t h e  i n t r a b l o c k  e s t i m a t e ,  i f  r  i s  r e p l a c e d  by 
R, by A i  arid by P^,  where R, A^ and P^ a r e  as d e f i n e d  i n  Tab le
5 .1 .1 .  The v a r i a n c e  o f  a d i f f e r e n c e  between two such e s t i m a t e s  o f
t r e a t m e n t  e f f e c t s  can be o b t a i n e d  from ( 2 . 5 . 1 4 ) , . . . , ( 2 . 5 . 1 8 )  by making 
t h e  a fo rem en t ioned  s u b s t i t u t i o n s .
In t h e  i n t r a b l o c k  a n a l y s i s  t h e  e^ j  a re -as sum ed  t o  be 
in de p en d en t  N(0 ,a^ )  v a r i a t e s ;  i n  t h e  i n t e r b l o c k  a n a l y s i s  t h e  Bj a r e  
assumed t o  be  in de penden t  N(0 ,Cg ) v a r i a t e s ,  i n de penden t  o f  t h e  e ^ j . 
Under t h e s e  n o r m a l i t y  a s s u m p t io n s ,  t h e  e x p r e s s i o n  ( 5 . 1 . 5 )  can be shown 
t o  be th e  exponent  i n  the  j o i n t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  o f  t h e
Y^j .  The e s t i m a t e s  t h a t  min imize t h i s  exponent  a r e  equa l  t o  t h e
e s t i m a t e s  found from th e  normal e q u a t i o n s .
The a n a l y s i s  o f  v a r i a n c e  t a b l e  f o r  a p a r t i a l l y  b a l a n c e d  
inc om ple te  b loc k  d e s ig n  i s  g iven  as Tab le  5 .1 .2 ,  The n e c e s s a r y  sums o f  
s q u a re s  a r e  d e f in e d  in  Tab le  5 .1 .1 .  To t e s t ,  a t  t h e  a l e v e l  o f  
s i g n i f i c a n c e ,  t h e  n u l l  h y p o t h e s i s  t h a t  t h e r e  i s  no d i f f e r e n c e  i n  the  
e f f e c t s  o f  th e  v a r i o u s  t r e a t m e n t s  a g a i n s t  th e  a l t e r n a t e  h y p o t h e s i s  
t h a t  t h e r e  i s  a d i f f e r e n c e ,  one computes th e  u s u a l  F - r a t i o ,  which i s  
(bk - b - v + l ) T ' / ( v - l ) E .  This  computed v a lu e  i s  compared w i th  th e  
c r i t i c a l  v a lu e  o f  th e  F - d i s t r i b u t i o n  h av in g  v-1 and bk - b - v+1
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d eg ree s  o f  freedom, t h a t  i s ,  w i th  F ( v -1 ,  bk - b - v+1) .  I f  t h ect
computed v a lu e  i s  t h e  l a r g e r ,  t h e n  t h e  i n f e r e n c e  i s  t h a t  t h e r e  e x i s t  
S i g n i f i c a n t  d i f f e r e n c e s  ..between t h e  e f f e c t s  o f  t h e  t r e a t m e n t s .
TABLE 5 . 1 . 1
DEFINITION OF STATISTICS USED IN THE ANALYSIS OF VARIANCE
2W = 1 /a  e s t i m a t e d  by w = (bk - b - v + l ) / E  ( see  below)
W* = l / ( o ^ + k a  ) e s t i m a t e d  by w1 = Y?}) ( see  below)
e k (b k -b -v + 1 )B r - (v-k)E
R = r  j w  + W ' / ( k - l ) }  = XA(W - W! )
= WQ^  + W’Q^' ( s ee  below)
T^ = t o t a l  y i e l d  under  t r e a t m e n t  i
B j  = t o t a l  y i e l d  i n  a l l  p l o t s  o f  b lo c k  j 
r
E B = t o t a l  o f  t h e  r  B . ' s  f o r  b lo c k s  c o n t a i n i n g  t r e a t m e n t  i
C i) j  J
r
Q. = T- - (1 /k )  I  B  •, t h e  a d j u s t e d  t o t a l  f o r  t r e a t m e n t  i  
1 ( i )  3
H  Y . , = t o t a l  y i e l d  f o r  a l l  bk p l o t s  o f  th e  d e s ig n  
oE E Yj j  = sum o f  s q u a re s  o f  a l l  o b s e r v a t i o n s  
r
Q! = ( l / k )  E B  . - ( l / v )  E E Y 
1 ( i ,  3 13
E = t o t a l  o f  t h e  f o r  a l l  t r e a t m e n t s  t h a t  a r e  k - t h  a s s o c i a t e s  
o f  t r e a t m e n t  i
E P..  = t o t a l  o f  t h e  P. f o r  a l l  t r e a t m e n t s  t h a t  a r e  k - t h  a s s o c i a t e s
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o f  t r e a t m e n t  i
CT = (E Z Yi j ) 2/b k
b  2 B = (1 /k )  Z B • - CT
5 = 1 3
S = n  Y 2 - CT
i j
v  9
T = ( 1 / r )  Z T^ - CT 
i = l
V
T' = Z t-Q .  
i = l  1 1
E = S - B - T' B' = S - T - E
Upon com ple t ion  o f  t h e  i n t r a b l o c k  a n a l y s i s , i t  i s
d e s i r a b l e  t o  de te rm ine  i f  t h e  combined i n t r a - i n t e r b l o c k e s t i m a t e s
o f  d i f f e r e n c e s  between two t r e a t m e n t  e f f e c t s  have lower v a r i a n c e  th a n
t h e i r  i n t r a b l o c k  c o u n t e r p a r t s .  I f  n o t ,  n o t h i n g  i s  g a ined  by u s in g
th e s e  combined e s t i m a t e s .
TABLE 5 . 1 .2
THE ANALYSIS OF VARIANCE TABLE FOR A
PARTIALLY BALANCED INCOMPLETE BLOCK DESIGN
I n t r a b l o c k I n t e r b l o c k
Source o f  Sum o f  
V a r i a t i o n  Squares
Degrees o f  Sum o f  
Freedom Squares
Source o f  
V a r i a t i o n
Blocks 
i g n o r i n g  B 
t r e a t m e n t s
b-1  B1
Blocks
e l i m i n a t i n g
t r e a t m e n t s
T rea tm en ts  
e l i m i n a t i n g  T 1 
b lo c k s
v - 1 T
Trea tments
i g n o r i n g
b lo c k s
E r r o r  E bk-b-v+1 E E r r o r
T o t a l  S bk-1  S T o t a l
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5-2 A Worked Example
The d e s ig n  p r e s e n t e d  i n  t h i s  s e c t i o n  i s  a q u i n t i c  d e s ig n  
h av in g  t h e  fo l l o w i n g  p a r a m e t e r s :
s = 2 b = 10
v = 32 r  = 5
k = 16 6q = rk  = 80
n^ = 5 = Xj = 4 0  ^ = 16
n 2 = 10= c&2 X ^  = 3 0 2 = 0
n^ ~ 10= ct^  A^  ~ 2 0 2 = 0
n 4 = ^ = a 4 ^4 = 1 ®4 = 0
n 5 = 1 = a 5 X5 = 0 05 = 0
The a s s o c i a t i o n  scheme i s  g iven  as Tab le  5 . 2 . 1 .
In Tab le  5.2.2, t h e  r e s u l t s  o f  t h i s  s im u l a t e d  q u i n t i c  
d e s ig n  a r e  g iven .  The number i n  p a r e n t h e s e s  below t h e  y i e l d  i s  t h e  
number o f  t h e  t r e a t m e n t  a p p l i e d  t o  t h e  p l o t .
For t h e  i n t r a b l o c k  a n a l y s i s ,  t h e  e s t i m a t e  o f  t h e  e f f e c t  
o f  t h e  i - t h  t r e a t m e n t  i s ,  by ( 2 . 5 . 1 3 ) ,
i i  = (1/320) (69Qi  + 4EQi]L + 3£Qi 2  + 2EQi 3  + EQi 4 ) . ( 5 . 2 . 1 )
These e f f e c t s  have been c a l c u l a t e d  i n  T ab le  5 .2 .3 .  S ince  
t h e s e  e f f e c t s  a r e  measured as d i f f e r e n c e s  from th e  grand  mean, th e  
mean a d j u s t e d  f o r  t r e a t m e n t  e f f e c t  may be found by adding  t h e s e  v a l u e s  
t o  t h e  grand  mean.
The a n a l y s i s  o f  v a r i a n c e  f o r  t h i s  example i s  as g iven  
i n  Tab le  5 . 2. 4.
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TABLE 5 . 2 .3  
CALCULATION OF INTRABLOCK TREATMENT EFFECTS
Trea tment Ti
r  ■
s B .m  3 Qi ZQil ZQi2 SQi3 ZQi4 k
1 14.6 245 .4 -0 .73750 5.35625 -5 .80000 4.18750 -2 .91250 -0 .12938
2 17.3 250.9 1.61875 -2 .97500 9.91250 -7.32500 -2 .08125 0.35250
3 16.7 249.8 1.08750 -5 .86875 9.95000 -3.36250 -1 .58750 0.22844
4 14.3 255.3 -1 .65625 8.80000 -8 .33750 2.22500 0.54375 -0 .30969
5 16.8 246.9 1.36875 -0 .32500 5.71250 -7.62500 2.36875 0.30438
6 14.9 252.4 -0 .87500 6.84375 -3 .07500 2.46250 -5 .50000 -0 .13375
7 16.7 251.3 0.99375 6.45000 -8 .63750 2.22500 -1 .80625 0.22219
8 20.6 256.8 4.55000 -3 .58125 4.27500 -5.48750 0.62500 0.94406
9 16.4 241.8 1.28750 -0 .36875 4.25000 -7 .66250 3.91250 0.27719
10 15.2 • 247.3 -0 .2 5625 4.70000 -4 .43750 5.12500 -4 .75625 -.0.02938
11 14.2 246.2 -1 .18750 3.90625 -4 .40000 5.68750 -3 .8 6250 -0 .22500
12 17.3 251.7 1.56875 -5 .22500 8.61250 -2.32500 -0 .73125 0.33688
13 17.4 243.3 2.19375 0.35000 -4 .33750 9.12500 -7 .30625 0.47094
14 15.0 248.8 -0 .55000 0.21875 9.17500 -6 .38750 0.82500 . -0 .06719
15 15.3 247.7 -0 .18125 2.22500 7.41250 -12 .22500 2.21875 -0 .01125
16 15.2 253.2 -0 .62500 5.29375 -3 .07500 4.16250 -5 .75000 -0 .08938
17 15.3 244.9 -0 .00625 -5 .75000 4.16250 -3 .07500 5.29375 -0 .03688
18 16.2 250.4 0 .55000 2.21875 -12 .22500 7.41250 2.22500 0.08S00
. 19 12.3 249.3 -3 .28125 0.82500 -6 .38750 9.17500 0.21875 -0 .69906
20 15.9 254 .8 -0 .02500 -7 .30625 9.12500 -4 .33750 0.35000 -0 .0 3188
21 13.5 246.4 -1 .90000 -0 .73125 -2 .32500 8.61250 -5 .22500 -0 .40313
22 15.6 251.9 -0 .14375 -3 .86250 •5.68750 -4 .40000 3.90625 -0 .04125
23 15.3 250.8 -0 .37500 -4 .75625 5.12500 -4 .43750 4.70000 -0.10531
24 14.6 256.3 -1 .41875 3.91250 -7 .66250 4.25000 -0 .36875 -0 .30344
25 14.7 241.3 -0 .3 8125 0.62500 -5 .48750 4.27500 -3 .5 8125 -0.11031
26 16.2 246.8 0.77500 -1 .80625 2.22500 -8 .63750 6.45000 0.13156
27 15.5 245.7 0.14375 -5 .50000 2.46250 -3 .07500 6.84375 -0 .01250
28 14.2 251.2 - 1 .5 0 0 0 0 ' 2.36875 -7 .62500 5.71250 -0 .3 2500 -0 .33063
29 13.6 242.8 -1 .57500 0.54375 2.22500 -8.33750 8.80000 -0 .33656
30 15.3 248.3 -0 .2 1875 -1 .58750 -3 .36250 9.95000 -5 .8 6875 -0.05469
31 16.3 247.2 0.85000 -2 .08125 -7 .32500 9.91250 -2 .97500 0.14125
32 15.7 252.7 -0 .09375 -2 .91250 4.18750 -5 .80000 5.35625 - 0 .0 3 6 8 8
86
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TABLE 5 . 2 . 4  
THE ANALYSIS OF VARIANCE FOR THE EXAMPLE
I n t r a b l o c k I n t e r b l o c k
Source  o f  
V a r i a t i o n
Sum o f  
Squares
Degrees o f  
Freedom
Sum o f  
Squares
Source  o f  
V a r i a t i o n
Blocks
i g n o r i n g
t r e a t m e n t s
3.58056 9 3.42262
Blocks
e l i m i n a t i n g
t r e a t m e n t s
Trea tm en ts
e l i m i n a t i n g
b lo c k s
13.65250 31 13.81044
T rea tm en ts
i g n o r i n g
b lo c k s
E r r o r 38.62938 119 38.62938 E r r o r
T o t a l 55.86244 159 55.86244 T o t a l
To t e s t  th e  n u l l  h y p o th e s i s t h a t  t h e r e  a r e no d i f f e r e n c e s among th e
e f f e c t s  o f  t h e  v a r i o u s  t r e a t m e n t s ,  t h e  F - r a t i o  i s  computed as 
1 1 9 (1 3 .6 5 2 5 0 ) /3 1 ( 3 8 . 62938) = 1.35669.  S ince  F 0 5 (30 ,120)  = 1 .5 5 ,  t h e  
d i f f e r e n c e s  among th e  e f f e c t s  o f  t h e  v a r i o u s  t r e a t m e n t s  a r e  n o t  
s i g n i f i c a n t  a t  t h e  0.C5 l e v e l  o f  s i g n i f i c a n c e .
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CHAPTER VI
CONCLUSION
In t h i s  d i s s e r t a t i o n ,  a c l a s s  o f  p a r t i a l l y  b a l a n c e d  
inc om ple te  b lo c k  d e s i g n s ,  r e f e r r e d  t o  as q u i n t i c  d e s i g n s ,  has  been
d e f in e d .  The a s s o c i a t i o n  scheme f o r  t h i s  new c l a s s  o f  d e s ig n s  has
been  p r e s e n t e d  and a s tu d y  has  been  made o f  t h e  p a r a m e te r s  and o f  
t h e  i n c i d e n c e  m a t r i c e s  which c h a r a c t e r i z e  q u i n t i c  d e s ig n s ,
i
N ecessa ry  c o n d i t i o n s  f o r  th e  e x i s t e n c e  o f  q u i n t i c  d e s ig n s  
have been  p r e s e n t e d .  Some examples o f  s e t s  o f  p a r a m e te r s  f o r  which 
d e s ig n s  do n o t  e x i s t  have been  g ive n .
A s tu d y  o f  th e  b lo c k  s t r u c t u r e  o f  two s p e c i a l  ty p e s  o f  
q u i n t i c  d e s i g n s ,  b a s e d  upon t h e i r  c o m b i n a t o r i a l  p r o p e r t i e s  and u s in g  
methods s i m i l a r  t o  th o s e  o f  Shah (1964, 1965, 1966) ,  has  been made.
In  a d d i t i o n ,  th e  a n a l y s i s  o f  v a r i a n c e  o f  a q u i n t i c  d e s ig n  has  been
d e s c r i b e d  and i l l u s t r a t e d  by a worked example.
There a r e  a t  l e a s t  two fundamenta l  prob lems p e r t a i n i n g  
t o  q u i n t i c  d e s ig n s  which remain u n s o lv e d ,  namely ,  th e  problem o f  
e s t a b l i s h i n g  s u f f i c i e n t  c o n d i t i o n s  f o r  t h e i r  e x i s t e n c e  and th e  
problem o f  d e v i s i n g  methods f o r  t h e i r  c o n s t r u c t i o n  and c l a s s i f i c a t i o n .
With r e g a r d  t o  t h e  fo rmer  p rob lem,  i t  may be t h a t  the  
m a t r i x  Z, o f  S e c t i o n  2 . 4 ,  w a r r a n t s  more i n v e s t i g a t i o n .  I t  i s  
s u g g e s te d  (Bose and Mesner (1959))  t h a t  t h i s  m a t r i x  needs  more s t u d y .
Other  a r e a s  l end  them se lves  t o  f u r t h e r  s tu d y .  The
•88
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e f f e c t  o f  p o o l i n g  two o r  more o f  t h e  f i v e  c l a s s e s  o f  a s s o c i a t e s  cou ld  
be  examined.  F u r t h e r  s tu d y  o f  b lo c k  s t r u c t u r e  may be i n  o r d e r .
F i n a l l y ,  a  more g e n e r a l  c l a s s  o f  p a r t i a l l y  b a l a n c e d  in c o m p le te  b lo c k  
d e s i g n s  hav ing  p a s s o c i a t e  c l a s s e s  might  be c o n s t r u c t e d .  I t  i s  
p o s s i b l e  t h a t  Theorem 2 . 3 . 1  cou ld  be ex tended  t o  t h i s  c l a s s  o f  d e s i g n s .
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APPENDIX
A . l  The Kronecker P roduc t  o f  M a t r i c e s
Let  A be th e  m x n m a t r i x
a a
11 12
A =
4. — Cl* ■ ^
21 22
a a ml m2
In
2n
mn
and l e t  B be any p x q m a t r i x .  The Kronecker p r o d u c t  A ®  B o f  th e  
m a t r i c e s  A and B i s  th e  mp x nq m a t r i x  d e f i n e d  by
A ®  B =
a l l B a 12B
a 2 1 B a 2 2 B ’
a l n B
a 2n B
amlB am2B
190
a B mn
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The f o l l o w i n g  p r o p e r t i e s  o f  th e  Kronecker p r o d u c t  may 
be  found i n  MacDuffee (1946) .  Assume A, B, C and D a r e  m a t r i c e s  o f  
d im ensions  a p p r o p r i a t e  t o  t h e  o p e r a t i o n s  in v o lv e d .
i )  (a Q b) Q c = A Q  ( B @ C )
i i )  (A + B) . 0  (C + D) = A ® C  + A @ D  + B @ C  + B ® D
i i i )  ( A ® B ) ( C © D )  = AC ©  BD
i v )  ( A ©  B) ' = A' ©  B'
v) ( A ©  B) " 1 = A- 1 ©  B-1
v i )  | A ©  b|  = | A[13 j B| a i f  A i s  an a x a m a t r i x  and B i s
a b x b m a t r ix
v i i )  rank  ( A © B )  = rank (A) rank (B)
v i i i )  (B ©  A) = (I © A ) ( B ©  I, ) ,  i f  A i s  an a x a m a t r i x
d a
and B i s  a b x b m a t r i x
ix )  t r a c e  ( A © B )  = t r a c e  (A) t r a c e  B, i f  t h e . t r a c e s  
e x i s t .  -
x) I f  |  |  a r e  th e  c h a r a c t e r i s t i c  r o o t s  o f  A and j  y j }
a r e  th e  c h a r a c t e r i s t i c  r o o t s  o f  B, th e n  } a r e  th e  c h a r a c t e r i s t i c
r o o t s  o f  A © B
A .2 The S p e c t r a l  Decomposit ion  o f  a L i n e a r  O p e ra to r  T
The fo l l o w i n g  d e s c r i p t i o n  o f  th e  s p e c t r a l  decom posi t ion
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o f  a l i n e a r  o p e r a t o r  may be found i n  Hoffman and Kunze (1961).
Let V be a f i n i t e - d i m e n s i o n a l  i n n e r  p r o d u c t  space  and T
a l i n e a r  o p e r a t o r  on V. T i s  normal i f  i t  commutes w i th  i t s  a d j o i n t ,
t h a t  i s ,  i t s  c o n j u g a te  t r a n s p o s e .  I f  T i s  a  normal o p e r a t o r  on V, V
h a s  an o r thonorm al  b a s i s ,  each v e c t o r  o f  which i s  a c h a r a c t e r i s t i c
v e c t o r  f o r  T. Moreover,  i f  c ^ c ^ . - . c ^  a r e  t h e  d i s t i n c t  c h a r a c t e r i s t i c
v a l u e s  o f  T, and i f  E  ^ d e n o te s  t h e  o r th o g o n a l  p r o j e c t i o n  on t h e  space
o f  c h a r a c t e r i s t i c  v e c t o r s  a s s o c i a t e d  w i th  t h e  c h a r a c t e r i s t i c  v a l u e
c . ,  t h e n  
J
i )  T = c ,  E, + . . .  + c. E.;  1 1  k k
i i )  I = E1 + . . .  + Ek
i i i )  E.E.  = 0,  i f  i  /  j .l  j  .
T his  i s  t h e  s p e c t r a l  decom pos i t ion  o f  T.
A .3 R a t i o n a l  Congruence,  The Hasse-Minkowski p - I n v a r i a n t ,
The Extended H i l b e r t  Norm Res idue  Symbol, The Legendre Symbol
The m a t e r i a l  o f  t h i s  s e c t i o n  may be found i n  Ogawa (1959),  
Sh r ikhande  and J a i n  (1962) ,  S h r ikhande ,  Raghavarao and T h a r t h a r e  (1963) ,  
O 'Shaughnessy  (1968) .  These works s u g g e s t  Jones  (1950) as  a r e f e r e n c e .
Two symmetric,  n o n s i n g u l a r  m a t r i c e s  A and B o f  t h e  same 
o r d e r  n hav ing  r a t i o n a l  e lem en ts  a r e  s a i d  t o  be r a t i o n a l l y  cong ruen t  
i f  t h e r e  e x i s t s  a r a t i o n a l ,  n o n s i n g u l a r  m a t r ix  o f  C o f  t h e  same o r d e r  
such  t h a t  C'AC = B, where C1 i s  t h e  t r a n s p o s e  o f  C. T h i s  r e l a t i o n  i s  
d eno ted  s y m b o l i c a l l y  by A/v B. The u s u a l  p r o p e r t i e s  o f  an e q u i v a l e n c e  
r e l a t i o n  a r e  s a t i s f i e d .
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I f  t h e  n l e a d in g  p r i n c i p a l  minor d e t e r m in a n t s  o f  A a re
d en o ted  by D„, D„. . . . .  D , ,  D = IAI , i f  each o f  t h e s e  d e t e r m in a n t s  J 1 2 n -1 n ■ * »
i s  n o n - z e r o ,  and i f  = 1, th e n  th e  Hasse-Minkowski p - i n v a r i a n t  o f  A
i s  g iven  by
n -1
C (A) = ( - 1 , - 1 )  n (D - D )
P P i=0  1+1 1 P
f o r  each pr ime p .  In  t h i s  e x p r e s s i o n ,  ( a , b ) p  d eno tes  t h e  ex tended  
H i l b e r t  norm r e s i d u e  symbol d e f i n e d  by
? 2! +l i f  ax^+by = 1 has  a p - a d i c  s o l u t i o n'
-1  o t h e r w i s e .
For a pr im e number p ,  a p - a d i c  number i s  d e f i n e d  t o  be 
any fo rmal  s e r i e s /
a  = a_t p " r +a_r + 1p " r + 1+ . . .+ a _ 1p “ 1+a0+a1p + a2p 2+ . . .
H a s s e ' s  Theorem:
The n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n s  f o r  two p o s i t i v e  
d e f i n i t e ,  r a t i o n a l ,  symmetric  m a t r i c e s  o f  t h e  same o r d e r  t o  be r a t i o n a l l y  
cong ruen t  a r e  f i r s t l y ,  t h a t  th e  s q u a r e - f r e e  p a r t s  o f  t h e  d e t e r m in a n t s  o f  
b o th  m a t r i c e s  a r e  t h e  same and s e c o n d ly ,  t h a t  th e  Hasse-Minkowski 
p - i n v a r i a n t s  o f  b o th  t h e  m a t r i c e s  a r e  equa l  f o r  a l l  p r im es  p i n c l u d i n g
P •OO
The p r o p e r t i e s  o f  t h e  Hasse-Minkowski p - i n v a r i a n t ,  o f  th e  
ex tended  H i l b e r t  norm r e s i d u e  symbol and o f  t h e  Legendre symbol ( a / p ) ,
where p i s  a p r im e ,  a r e  g iven  below as a s e r i e s  o f  lemmas s t a t e d  w i th o u t
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p r o o f .
I f  A j ,  A2 , Am a r e  s q u a re  m a t r i c e s  o f  a r b i t r a r y
d im en s io n s ,  th e n  d i a g ( A j ,  A2 , Am) r e p r e s e n t s  t h e  m a t r i x  which has
t h e s e  m a t r i c e s ,  i n  o r d e r ,  on t h e  p r i n c i p a l  d ia g o n a l  and ze ros  e l sew here .  
Lemma 1 ;
I f  A p  A2 , . . . ,  Ajn a r e  r a t i o n a l ,  n o n s i n g u l a r ,  symmetric  
m a t r i c e s  and i f  A = d iag (A ^ ,  A2 , . . . ,  Ajn) , th e n  f o r  a l l  p r im es  p
I m J I m
(A) = C - i , - i ) p “ j  n^cp Ca£) j j  _ n ^CIa± ! , [ a^|Dp
Lemma 2 :
I f  B i s  a r a t i o n a l ,  n o n s i n g u l a r ,  symmetr ic  m a t r i x  and Im 
i s  t h e  i d e n t i t y  m a t r i x  o f  o r d e r  m, t h e n  f o r  a l l  p r im es  p
Cp ( I m(x) B) = ( - 1 ,  - l )p~  1{cp | B [ , - i ) ^ f m_-1) / 2 ,
Lemma 3 : ,
I f  D = d i a g ( d , d , . . . ,d )  i s  o f  o r d e r  m and d ^ 0 ,  then
Cp (D) = ( - l , - l ) p ( - l , d ) p tm+1-) / 2 , f o r  a l l  p r im es  p.
Lemma 4 :
I f  d $ 0 i s  r a t i o n a l  and A i s  a r a t i o n a l ,  n o n s i n g u l a r ,
symmetric  m a t r i x  o f  o r d e r  m, th e n  f o r  a l l  p r im es  p
Cp(dA) = ( - 1 » d )p (m+1^/ 2 ( d , | a | ) p - 1Cp (A).
Lemma 5 :
I f  t h e  m-1 r a t i o n a l  column v e c t o r s  a 2 , a 3 , . . . , a ra o f  
d imension m a r e  l i n e a r l y  in d e p en d en t  and a r e  o r th o g o n a l  t o  
Emi  = ( 1 , 1 , . . . , 1 ) 1, then  th e  gramian o f  t h e  s e t ,  t h a t  i s ,
U = ( a 2 , a 3 , . .  . ,  ajjj) 1 ( a 2 , a 3 , . . .  , a^) ,
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s a t i s f i e s  Cp OJ) = (_l > “ l)p> f o r  a l l  p r im es  p .
Lemma 6 :
So long as r e s t r i c t i o n  i s  made t o  r a t i o n a l  v e c t o r s ,  t h e  
p - i n v a r i a n t  o f  t h e  gramian o f  a s e t  o f  v e c t o r s  i s  u n i q u e l y  d e t e rm in e d  
by t h e  l i n e a r  subspace  g e n e r a t e d  by t h e  v e c t o r s  o f  t h e  s e t .
Lemma 7 :
I f  A = e I + f  E , where I i s  t h e  i d e n t i t y  m a t r i x  o f  m mm m J
o r d e r  m and E i s  t h e  m x m m a t r i x  w i th  a l l  e n t r i e s  u n i t y ,  and i f  mm J
m 1g = e + mf,  where e , f  a r e  n o n - z e r o  r a t i o n a l s ,  t h e n  J A| = g e and 
f o r  a l l  p r im es  p .
Cp (A) = ( - l , - l ) p ( - l , e ^ (m“ 1) / 2 ( - l , g ) p (m,g)p
(m>e ) p ( g , e ) p _1 .
Lemma 8 :
I f  A and B a r e  s q u a re  m a t r i c e s  o f  o r d e r  n and X i s  t h e  
s q u a re  m a t r i x  o f  o r d e r  ns d e f i n e d  by X = I g (§) (A-B) + Eg s (^) B, t h e n  
|X| = |A -B |S_1 |A + ( s - l ) B |  .
Lemma 9 :
I f  m and m' a r e  i n t e g e r s  n o t  d i v i s i b l e  by t h e  odd pr ime p ,
t h e n
(m,m')p = +1
(m,p)p = Cm/p).
Moreover,  i f  m = m' /  0 (mod p ) , t h e n  
(m,p)p = ( m ' , p ) p . .
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Lemma 10:
For ev e ry  pr im e p and f o r  
( i )  a r b i t r a r y  n o n -z e ro  i n t e g e r s  m, n ,  n ' ,  s ,  t ,
(m,-m)p = +1
(m,m)p =
(m,n)p = (n,m)
( m , n n ' ) p = (m,n)p (m.n1)
(m»n ) p = (-mn,m+n)p 
m
n (j,j+iv = (-1, (m+1) •') 
j  = l  P P
( i i )  t h e  p o s i t i v e  i n t e g e r  m,
(m,m+l)p = ( - l , m + l )
( i i i )  s , t  r a t i o n a l  numbers,
2 2 (ms , n t  ) = (m,n) .
Lemma 11:
I f  p and q a r e  odd p r im e s ,  t h e n
( P . q ) 2 -
( 2 , p ) 2 = (2 /p )
C -1 ,P )2 = C - i /p )
( - 1 , 2) 2 = +1 - 
= - 1
( a , p ) p = ( a /p )
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t p , q ) M = ( - 1 , 1 ) ^  = C2,p)M = C-I.P)^ -
( - 1 . - 1) .  = " I ’
Lemma 1 2 :
I f  p and q a r e  odd p r im e s ,  m and n a r e  i n t e g e r s ,  t h e n  
(m/p) = (n /p )  i f  m = n (mod p)
(mn/p) = (m /p ) (n /p )
( p / q ) ( q / p )  = ( - d C p - D ^ - D / 4 
( - 1/ p )  = ( - l ) ( P “1 ) /2  
C2/P) = ( - d C p ' - O / s  
A .4 Reduc t ion  o f  t h e  M a t r ix  K**
A.4 .1  Orthogonal  Complement o f  S
Let V be an in n e r  p r o d u c t  space  and l e t  S be any s e t  
o f  v e c t o r s  in  C. The o r th o g o n a l  complement o f  S i s  t h e  s e t  S o f  
a l l  v e c t o r s  i n  V which a r e  o r th o g o n a l  t o  eve ry  v e c t o r  i n  S.
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A .4 .2  The D e te rm in a t io n  o f  jQ ^ I ,  ( i  = 1 , . . . , 4 )
Let  H be  th e  s 5 d im e n s io n a l  space  spanned by t h e  columns
o f  M = NN' and H*, t h e  s 5- l  d im en s io n a l  subspace  o f  H o r t h o g o n a l  t o
E c . I f  Y = MX, where X = (x , x , x ) ' ,  t h e n  t h e  i - t h
s b l  . 1 2 s 5
c o o r d i n a t e  y,  o f  Y i s
5
y,  = r  x,  + X X.S. , (A.4 . 2 . 1 )
j  = l  J J
where i s  t h e  sum o f  t h e  c o o r d i n a t e s  o f  X c o r r e s p o n d in g  t o  t h e j - t h
a s s o c i a t e s  o f  t h e  i - t h  t r e a t m e n t .
For example ,  i f  X = E _ ,
s 5 l
5
y.  = r  + X n .A. = 0n , V i .
1 j  = l  J 3 u
Thus,
ME r = On E r
s 5 l  ° s b l
E ^ i s  an e i g e n v e c t o r  o f  M c o r r e s p o n d in g  t o  0q . 
S 5s
I f  X e  H* X x.  = 0 , t h a t  i s ,  
1=1
X .  + X S .  = 0 . Vi
1 j -1  ^
For such  an X, (A.4 . 2 . 1 )  becomes
4
y.  = ( r  - Xr)x.  + X (X. - X ,)S .  . ( A .4 .2 .2 )
j  = l  J J
Let ^ctl’ 5g2 ’ *y3* 564’ 5e5 ’ = 1 , 2 , . . . , s )
deno te  5s s ^ x l  column v e c t o r s  d e f i n e d  as f o l l o w s :  Each v e c t o r  has
s^  u n i t  e n t r i e s  ( in  p o s i t i o n s  s p e c i f i e d  as f o l l o w s )  and s ^ - s ^
zero  e n t r i e s .
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V ec to r :  U n i t  e n t r i e s  i n  p o s i t i o n s :
C , ( a - l ) s 4 + a a = 1 , 2 , . . . , s 4a l
Cqt a s 4 + ( g - l ) s 3 + b a = 0 , l , . . . , s - l’32
b = 1 , 2 , . . . , s 3
a s 4 + b s ^  + ( y - 1 ) s 2 + c a , b  = 0 , l , . . . , s - l
c = 1 , 2 , . . . , s 2
£ , a s 4 + b s 3 + c s 2 + (6- l ) s  + d a , b , c  = 0 , l , . . . , s - l  
64
d = l , 2 , . . . , s
C a s 4 + b s 3 + c s 2 + ds + e a , b , c , d  = 0 , l , . . . , s - l  .
e5
Of t h e s e  5s v e c t o r s ,  on ly  5 ( s - l )  + 1 a r e  l i n e a r l y  
independent ,  s i n c e
s s s s s
1 Ka l = E KB2 = E ?y3 = E C64 = E = E 5 *a= l 3=1 y= l  Y 6=1 e=l  s ^ l
Let  t h e  5 ( s - l )  + 1 d im en s io n a l  space  spanned  by t h e s e
v e c t o r s  be  deno ted  by Hj and l e t  t h e  5 ( s - l )  d im ens iona l  subspace  o f
"it 'ft
H, o r th o g o n a l  t o  E r be  deno ted  by H1 . Any X e H. may be w r i t t e n
1 s 5 l  . 1
5 s
X = E E ek i  Cki j = l  k=l  3 3
w ith
5 s
^ X ek i = ^ ’ 
j = l , k = l  3
s i n c e  E r 1 £. . = s 4 and X l  E r . 
s i  kl  s i
The c o o r d i n a t e s  ( a ^ j Y * 5 ^ )  t r e a t m e n t  number i  a r e
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u n i q u e l y  d e te rm ined  by t h e  e q u a t io n
i  = (o t- l )s^  + ( g - l ) s ^  + ( y - l ) s ^  + (6- l ) s  + e
For  any t r e a t m e n t  i ,  i f  X e ,
x i  = ea l  + e g2 + ey3 + e 64 + e e5 *
The q u a n t i t y  S j  i s  t h e  sum o f  t h e  c o o r d i n a t e s  o f  X 
c o r r e s p o n d in g  t o  t h e  f i r s t  a s s o c i a t e s  o f  t r e a t m e n t  i .  F i r s t  a s s o c i a t e s  
o f  t r e a t m e n t  i ,  whose c o o r d i n a t e s  a r e  ( a , g , Y , 6 , e ) ,  a r e  o f  f i v e  t y p e s ,  
namely ,  th o s e  t r e a t m e n t s  h av in g  c o o r d i n a t e s
( a 1 ,g ,Y,(S,e) w i th a V<x
Ca,g'  ,Y,<$,e) w i th 3 7 3
( a , g , Y ' , 6 , e ) w i th y 7 y
(ot ,g ,Y,6 ' , e ) w i th 6 V<S
( a , g , Y , 5 , e ' ) w i th e 7 e  •
For each o f  t h e  s -1  f i r s t  a s s o c i a t e s  o f  t h e  f i r s t  t y p e ,  t h e
c o n t r i b u t i o n  t o  S, c o n s i s t s  o f  one each o f  e , , ,  e „ „ ,  e „ ,  e > . ,  e r 1 a ' l  g2’ y3 64 ,e5
S i m i l a r  c o n t r i b u t i o n s  t o  S j  a r e  made by t h e  f o u r  rem a in in g  ty p e s  o f  
f i r s t  a s s o c i a t e s  o f  t r e a t m e n t  i .
S
s s s s  s
x = I  ek l  + I  ek2 + £ ek3 + E ek4 + E ek5
k=l k=l  k=l  k=l  k=l
k?*a k^g k^Y h^6 k^e
* 4 ( s - l )  (eo l  4 e e2 * ey3 * e {4  * e ^ )
+ 4 ( s - l ) x i
(4 s -5 )x ^  .
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For X e H^*, S2 i s  compri sed  o f  t e n  p a r t s ,  s i n c e  t h e r e  
a r e  t e n  ty p e s  o f  second  a s s o c i a t e s .  For each o f  t h e  ( s -1 )  second 
a s s o c i a t e s  o f  t h e  t y p e  ( a '  , 3 * ,y ,< $ ,e ) , a ' / a ,  3 ' ^ 3 ,  t h e  c o n t r i b u t i o n  
t o  S2 c o n s i s t s  o f  one each o f  ea i 2 > e g , 2 , ey 3 > e ,$4 > e e 5 ’ so  ^ a t  
c o n t r i b u t i o n  o f  a l l  such a s s o c i a t e s  o f  t h i s  t y p e  i s
( s -1 )  { E e k l  + I  ek 2 } + C s - l ) 2 (ey3 + e 64 + e e5) . 
k—1 k=l
k^a k^g
( s s s s s  t
S2 = 4 ( s - l ) ( l e k l  + I  ek2 + E ek3 + E ek4 + E ek5J
K= 1 K - l  K - I  K - l  K—1
kj^a k^g k^y k / e
+ 6 ( s - l ) 2 (ea l  + e g2 + ey3 + e fi4 + e £5)
= - 4 ( s - l ) x ^  + 6 ( s - l ) 2x ;k
= (6s 2 -  16s + 10)x .  .
S i m i l a r l y ,  i s  compr ised  o f  t e n  p a r t s ,  t h a t  i s ,  
c o n t r i b u t i o n s  a r i s i n g  from t h e  t e n  ty p e s  o f  t h i r d  a s s o c i a t e s .  S4 
i s  comprised  o f  f i v e  p a r t s .
S3 and S4 a r e  o b t a i n e d  by s i m i l a r  c a l c u l a t i o n s .
S (4s3 - 18s2 + 24s - 10)x i
S i = ( s 4 - 8s 3 + 18s2 - 16s + 5 )x .  . 
4 1
I t  i s  t o  be n o te d  t h a t  t h e  c o e f f i c i e n t s  o f  S^,  S^,
and S4 a r e  e n t r i e s  i n  th e  second  row o f  Z.
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S u b s t i t u t i o n  o f  t h e s e  v a l u e s  f o r  S2 , and i n  
e q u a t i o n  ( A .4 .2 .2 )  y i e l d s  y^ = V i .  That  i s ,  NN'X = 8 jX.
Hence,  any v e c t o r  o f  H^* i s  an e i g e n v e c t o r  o f  NN' c o r r e s p o n d in g  t o  
0 j .  S in ce  t h e  d im ension  o f  H^* i s  5 ( s - l ) ,  i t  f o l l o w s  t h a t  H^* i s  t h e  
space  o f  e i g e n v e c t o r s  c o r r e s p o n d in g  t o  0^.
The' s e t  o f  column v e c t o r s  o f  t h e  m a t r i x  [ g0, Gj]  and th e  
s e t  o f  v e c t o r s  comprised  o f  E ^  and t h e  5 ( s -1 )  l i n e a r l y  in d e p en d en t  
v e c t o r s  o f  ?a l , £ 3 , £e5 c o n s t i t u t e  two d i f f e r e n t  b a s e s  f o r
t h e  space  Hj.  The s e t s  o f  gramians  (Appendix,  S e c t i o n  A .3,  Lemma 5) 
o f  t h e  v e c t o r s  o f  t h e s e  two s e t s  o f  b a s i s  v e c t o r s  a r e  r a t i o n a l l y  
c o n g ru e n t .
S ince
S51 V l = s5
E 5 ' • s^ l % = s4 V k , j
v  • 5kj = s4 V k , j (A. 4 . 2 . 3 )
V  • 5k ' j ' - s3 V k,  k 1 and j^j'
V  • 5k ' j = 0 k^k '  ,
> ° l , 5 h
rJ UL,
° 5 h , l Qi
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where
UL =
s5 S4E s lh ^ I h
c4p 
s lh s 4 e lh
s4Eh l s 4 l h s3Ehh s3Ehh s3Ehh s3Ehh
s^E s h i s 4 l h s ^Ehh s 3 E  s hh s3Ehh
s4Ehi s ^ h h
3C 
s Ehh s4Ih
3C 
s hh
3p 
s Ehh
s^E s T i l ! \ l > s ^Ehh s 3 \ h s 4 l h s3Ehh
4n 
s Eh l s3Ehh s3ehh s3ehh s3£hh
where h = s -1  and Om „ i s  an m x n ze ro  m a t r i x .m,n
The m a t r i x  UL may be  reduce d  t o  an e q u i v a l e n t  form t o  
f a c i l i t a t e  f i n d i n g  i t s  d e t e r m i n a n t .  I f  1 / s  t im es  t h e  f i r s t  row i s  
s u b t r a c t e d  from each  o f  t h e  rem a in ing  rows and i f  1/ s  t im es  t h e  f i r s t  
column i s  s u b t r a c t e d  from each o f  t h e  rem a in ing  co lum ns , t h e  r e s u l t  
i s  t h e  m a t r ix
^  0 , ^ 0 ,s 5 0 0 , . 0 ,l , h  u l , h  wl , h  u l , h  u l , h
° h , l  \ , h  ° h , h  ° h , h  ° h , h  ° h , h
° h , l  ° h , h  Bh , h  ° h , h  ° h , h  ° h , h
° h , l  ° h , h  ° h , h  ' Bh , h  ° h , h  ° h , h
0,h , l  ‘ ° h , h  ° h , h  ° h , h  ^ . h  ° h , h
0. , 0. , 0, , 0, , 0. , B, ,h , l  h , h  h , h  h , h  h , h  h , h
(A.4 . 2 . 4 )
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1 0 4
i n  which ^ = s ^ f s l ^  - E ^ ) . The d e t e r m in a n t  o f  t h e  m a t r i x  (A. 4 . 2 . 4 )
i s  s 5 !Bh , J 5 * S ince  l Bh , h ^ = s4S 5 >
s l Q j / v l .  (A.4 . 2 . 5 )
Let  5a01* Ca y 2 ’ ?a63» Zae4>  C3y5’ ? 066* ? Be7» ?y 68>
C ir>> ( a , 0 , y , 6 , c = l , 2 , . . . , s )  d eno te  10s 2 s 5 x 1 column v e c t o r syey oe lu
d e f i n e d  as f o l l o w s :  Each v e c t o r  has  s 3 u n i t  e n t r i e s  (i-n p o s i t i o n s
s p e c i f i e d  as f o l l o w s )  and s 3 - s 3 z e ro  e n t r i e s  e l s e w h e re .
» - • ~ -
V ec to r :  U n i t  e n t r i e s  i n  p o s i t i o n s :
Ca gl  ( a - l ) s 4 + ( 3 - l ) s 3 + a a = 1 , 2 , . . .  , s 3
Ccty2 ( a - l ) s 4 + a s 3 + ( y - l ) s 2 + b a = 0 , l , . . . , s - l
b = 1 , 2 , . . . , s 2
^a63 ( a - l ) s 4 + a s 3 + b s 2 + ( 6- l ) s  + c a , b  = 0 , . . . , s - l
c ~ 1 , 2 , . . . , s
* 7  i .
t, . ( a - l ) s  + as + bs  + cs + e a , b , c  = 0 , . . . , s - lote4
’By5 a s 4 + ( 0- l ) s 3 + ( y - l ) s 2 + b a = 0 , l , . . . , s - l
b = 1 , 2 , . . . , s 2
^066 as4  + + bs2  + Cy-1) s  + c a ,b  = 0 , l , . . . , s - l
o “ l y 2 j i « t ) S
^0e 7 a s ^ + + + cs + £ a , b , c  = 0 , , . . , s - l
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C . 0 a s 4 + b s 3 + ( y - l ) s 2 + (6- l ) s  + c a , b  = 0 , . . , , s - lyoo
Cy£g a s 4 + b s 3 + ( y - l ) s 2 + cs + e a , b , c  = 0 , . . . , s - l
^6e l 0 as4  + bs3  + cs2  + + e a , b , c  = 0 , . . . , s - l .
Of t h e s e  10s2 v e c t o r s  on ly  1 0 ( s - l ) 2 + 5 ( s - l )  + 1 a r e  
l i n e a r l y  in d e p e n d e n t ,  s i n c e
s s s s s s s s
E E ?a 01 = E 
a= l  p=l a= l
E ?cty2 =
y=i
E E ?a63 
a= l  6=1
= E 
a=l
5 Sa e 4 = 
£ = 1
s s s s s s s S
E E t; = E 
0=1 y=l  ey5 0=1 6=1 ^ 6 = E E ^gE70=1 e= l  3e
= E 
y=l 6= A 6 8 =  •
s  s s s
E E £ Q = E 
-,-1 E=1 YE9 5-1 E ? 6e l 0=e=1
E q s i
s  s s s
^ < * 8 1  ■ Yf , c« r 2 ’  5^ “ S3
E ?ae4 e=l 5a l
(a = 1 , . . . , s )
s s s s
J ^ c x o i  = y f > 5 = S=lCe66 ’  ' C02
(0 = 1 , . . . , s )
s s s S
* ^ 2  -  £ < * 5 = E ^y68 
6=1 T
E £ye9 = 
e=l
Sy3 (y — l»***»s)
s s s s
E C ct63 = E **066 a= l  0=1 = E1?Y«8 y=l = E C6e 10= e= l
564 (6 = 1 , . . .  , s )
s s S s
E Ccxe4 = E Cf3e7 
a= l  0=1 = E, CYe9 Y=1
= E C6e l 0= 6=1 5e5
(e — 1 , . . . , s )
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Let t h e  1 0 ( s - 1 ) 2 + 5 ( s -1 )  + 1 d im en s io n a l  sp a c e  g e n e r a t e d
2by t h e s e  v e c t o r s  be  d e s i g n a t e d  H2 . Denote t h e  1 0 ( s -1 )  d im en s io n a l  
s ubspa ce  o f  H2 t h a t  i s  o r th o g o n a l  t o  by H2*.
For X c H2\
10 s s
X = E E E e Ck l . (A.4 . 2 . 6 )
i = l  k=l  1=1 ki;) J
w ith
10 s s 
■ E E E 
j = l  k=l  1=1
e ^ i j  = 0 ,  s i n c e  X 1 E  g
4 s
E E e ,  . = 0 (a = 1 , 2 , . . . , s )
1=1
7 s
E E e g j j  = 0 (3 = 1 , 2 , . . .  , s )
j = l  1=1 
37*2,3,4
j = 2 , 5 , 8 , 9  k=l
E E e ^  j - ® (y = 1 j 2 , . . . , s )
E E ek s - = 0  (6 = 1 , 2 , . . .  , s )
s
E E e, • = 0  (e = 1 , 2 , . . . , s ) .
j = 3 , 6 , 8 ,10 k=l 
E E c kei  j=4,7,9,10 k=l J
For X e H2*,  by (A.4 . 2 . 6) ,
x i  = e a81 + e ay2 + e a63 + e ae4 + e 6y5 + e 6<56
+ e6e7 + ey68 + eye9 + e6el0- ( A .4 .2 .7 )
With r e f e r e n c e  t o  (A.4 . 2 . 2 ) ,  S^,  ( i  = 1 , . . . , 4 ) ,  must be 
d e te rm in e d  as a f u n c t i o n  o f  s and x^.  The c o n t r i b u t i o n  t o  by a
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f i r s t  a s s o c i a t e  ( o f  t h e  form ( a * , 3 , y , 6 , e ) )  o f  t r e a t m e n t  i  (having  
c o o r d i n a t e s  ( a , 8 , y , 6 , e )  a ^ a 1) i s  one each o f  e a i y 2 > ea ' 6 3 ’
e a ' e 4 > e By5 ’ e 366> e Bc7 ’ eyS8 > eye9 ’ e 6e l 0 * S i m i l a r  c o n t r i b u t i o n s  
t o  a r e  made by t h e  f o u r  rem a in ing  ty p e s  o f  f i r s t  a s s o c i a t e .  The 
a d d i t i o n  o f  t h e s e  f i v e  c o n t r i b u t i o n s  y i e l d s  
Sj  = (3 s -5 )x^  .
Techniques  analogous  t o  t h o s e  employed i n  d e t e rm in in g  
S2 , S3 and f o r  X e Hj* ,  t o g e t h e r  w i th  (A.4 .2 .7 ) ,  y i e l d
5 2 = (3 s 2 - 12s + 10)x i
53 r  ( s 3 - 9 s 2 + 18s - 10)Xj
= ( - 2s 3 + 9s^ - 12s + 5)x^ .
I f  t h e s e  v a l u e s  f o r  ( i  = 1 , . . . , 4 )  a r e  s u b s t i t u t e d  i n  (A.4 . 2 . 2 ) ,  t h e  
r e s u l t  i s  y^ = 02xi> ^  Thus,  any v e c t o r  o f  H2* i s  an e i g e n v e c t o r
o f  NN' co r r e s p o n d in g  t o  02 . The d im ens ion  o f  H2 i s  1 0 ( s - l )  . Hence,
H2 i s  t h e  e i g e n s p a c e  c o r r e s p o n d in g  t o  0 2 *
Two d i f f e r e n t  s e t s  o f  b a s i s  v e c t o r s  f o r  H2 have been  
o b t a i n e d ,  namely,  t h e  column v e c t o r s  o f  t h e  m a t r i x  [v Gl ’ G2^ and 
th e  5 ( s - l )  l i n e a r l y  independen t  v e c t o r s  o f  5a l , £y3 » ^64* ^ e 5 ’
t o g e t h e r  w i th  t h e  10 ( s - 1 ) 2 l i n e a r l y  inde p en d en t  v e c t o r s  o f  ^ay2 J
^a63> ?ae4* 5$y5* ?866» ?8e7’ Zyc9> ?6e l0  and Es 5i* ^  s e t s  o f
gramians  o f  t h e  v e c t o r s  o f  t h e s e  two s e t s  o f  b a s i s  v e c t o r s  a r e
r a t i o n a l l y  cong ruen t .
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Hence,
where UL 
1 + 5 (s -
The i d e n t i t i e s  (A.4 . 2 . 3 )  h o l d ,  t o g e t h e r  w i th  t h e  fo l l o w i n g :
a) f or  a l l  j , E' . £
s i  k l j
-  s 3
( S3 i f  k=k'  and 1=1'
Ckl j  Ck' l ' j  j Q i f  k^k , or ^ '
b)  f o r  each p a i r  j , j '  such t h a t  no two o f  k ,  1 , ^ , 1 ' 
r e f e r  t o  t h e  same one o f  a ,  8 , y ,  6 , e ,
£ '  r s 2
C  . ? = s .
kl j  k ' l ’ j ’
c) f o r  each p a i r  j , j '  such  t h a t  e x a c t l y  one o f  k , l
r e f e r s  t o  t h e  same one o f  a ,  8 , y ,  6 , e as one o f  k ' , 1 ' ,
s 3 i f  k=k*
0 i f  Mk*5k j  * ?k ' l ' j '  = j
( s 2 i f  k=k'
Ck l j  * Ck ' l ' j ' : 0 i f k j i k ' .  (A.4 . 2 . 8)
05h,  1
)l , 5 h  0 l , 1 0 h 2
5h ,1 0 h 2
W 2 , !  °10h2 ,5h Q2
UL UM
ML MM
i s  as p r e v i o u s l y  o b t a i n e d  and K i s  a s q u a re  m a t r i x  o f  s i d e
) + 10 ( s - l )  .
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= (UM)* 
s3Eh 2 ! s 3 lh © Eh l s3Eh l ®  Xh s 2 E h 2h s2Eh2h s2Eh2h
s3Eh 2 l s 3 I h © E h i s2Eh2h s 3 Eh i  ©  I h s2Eh2h s2Eh2h
s3Eh 2 i s 3 lh © Eh l s2Eh2h s2Eh2h s3Eh l  ©  \ s2Eh 2h
SV l s3][h © Eh l
2 C 
s Eh 2h s2Eh2h s 3 E h l © I
s 3 Eh 2 i s2Eh2h =3 lh ® Eh l s3Eh l © I h s 2Eh 2h s 2Eh2h
S\ ^ l s2Eh2h A h ® Eh l S\ 2h s3Eh l ® : h
2n 
S h 2h
s3Eh 2 l S \ 2 h 5\ ® Eh l s \ 2h s3Eh l © I
s\ 2i
s^ E  ,  
h h
S 2E 9 
h h s\ ® Eh i
s 3 E ©  I 
h i  h s2E 2 h 2h
s3Eh2 l S\ 2h s 2 E h 2 h s3 l h © Eh i s 2Eh 2h s 3 E h i ©  1
3CS E 9 
h 2l
2cS E 9 
h 2h
2c S E o
h 2h
S 2 E 2 
h 2h
s 3 I © E  
h w  h i s X i © 1
In t h e  m a t r i x  MM,
I = s 3 I 9 
h
E ■ 5 Eh 2h 2 
A = s 2Ih © E hh
C = s 2Eh l ® I h ® E lh  
D " ^ h h © 1!, '
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MM =
D D
C* D
D E D D
D D
D D
The m a t r i x  K may be  reduce d  by a sequence  o f  e l em en ta ry  
row and column t r a n s f o r m a t i o n s  t o  an e q u i v a l e n t  form t o  f a c i l i t a t e  
f i n d i n g  i t s  d e t e r m in a n t .  A summary o f  t h i s  sequence  i s  as f o l l o w s :
1) M u l t i p ly  t h e  f i r s t  row o f  K by 1 / s  and s u b t r a c t  th e  
r e s u l t  from th e  rem a in ing  rows o f  UL,UM. This  r e s u l t s  i n  t h e  s ub ­
t r a c t i o n  o f  s^  from th e  e n t r i e s  i n  UL ( o t h e r  t h a n  t h o s e  e n t r i e s  in  
t h e  f i r s t  row o f  UL) and hence  i n  ze ros  i n  t h e  f i r s t  column o f  UL (with  
t h e  e x c e p t io n  o f  t h e  f i r s t  e n t r y  i n  t h a t  column) and i n  t h e  s u b t r a c t i o n  
o f  s^ from t h e  e n t r i e s  i n  UM ( o t h e r  th a n  th o s e  e n t r i e s  i n  t h e  f i r s t  row 
o f  UM).
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2) M u l t i p l y  t h e  f i r s t  column o f  K by 1 / s  and s u b t r a c t  th e
r e s u l t  from th e  rem a in ing  columns o f  UL,ML. This  reduce s  UL t o  (A.4 . 2 . 4 )
3) M u l t i p l y  t h e  f i r s t  row o f  what  remains o f  K by 1 / s 2 and
s u b t r a c t  t h e  r e s u l t  from th e  rows o f  ML,MM. A l l  e n t r i e s  i n  t h e  f i r s t
column o f  K, e x ce p t  t h e  f i r s t ,  a r e  th u s  z e ro .  MM i s  t r a n s f o r m e d  to
MM - s E,„,  ?•lOh lOh :f
4) M u l t i p ly  t h e  f i r s t  column o f  what  remains  o f  K by 1 / s 2 
and s u b t r a c t  t h e  r e s u l t  from th e  columns o f  UM,MM - s Ei 0h 2lOh2 ' This  
r e s u l t s  i n  ze ros  i n  t h e  f i r s t  row o f  UM. K i s  thus  reduce d  t o  Kr , where
Kr  "
sS 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 B 0 0 0 0 G G G G 0 0 0 0 0 0
0 0 B 0 0 0 R 0 0 0 G G G 0 0 0
0 0 0 B 0 0 0 R 0 0 R 0 0 G G 0
0 0 0 0 B 0 0 0 R 0 0 R 0 R 0 G
0 0 0 0 0 B 0 0 0 R 0 0 R 0 R R
0 G1 R' 0 0 0 L A A A C C C 0 0 0
0 G' 0 R' 0 0 A L A A D 0 0 C C 0
0 G' 0 0 R' 0 A A I A 0 D 0 D 0 C
0 G’ 0 0 0 R' A A A I 0 0 D 0 D D
0 0 G' R' 0 0 £ ' D 0 0 £ A A C £ 0
0 0 G' 0 R' 0 £ 0 D 0 A I A D 0 C
0 0 G' 0 0 Rf £ ' 0 0 D A A I_ 0 D D
0 0 0 G' R* 0 0 C’ D 0 C' D 0 I_ A C
0 0 0 G' 0 R' 0 £ ' 0 D £ ' 0 D A 1_ D
0 0 0 0 G' R' 0 0 C' D 0 C' D C' D I
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Here ,
B " \ h
G‘ = s 3 l  © E  - s 2E 9 
• h i  h 2h
R' ■ s \ i ® \  -  SX \
i  ’ S V  - 5 Eh 2h 2
i  = s \ ® Ehh - 5 W
C ■ » 2*hi ® Ih ® B I h - . E h V
*■ ’ s \ h ® \ - s \ V  '
The f u r t h e r  r e d u c t i o n  o f  Kr  i s  e f f e c t e d  by a sequence  o f  
e l e m e n ta ry  row t r a n s f o r m a t i o n s  on t h e  s u b m a t r i c e s  G' and R ' . These 
t r a n s f o r m a t i o n s  c o n s i s t  e s s e n t i a l l y  o f  t h e  use  o f  s u c c e s s i v e  s e t s  o f  
s - 1  rows o f  t h e  m a t r i x  (A.4 . 2 . 4 ) ,  t o g e t h e r  w i th  two o p e r a t i o n s  d e f in e d  
as f o l l o w s :
A G* o p e r a t i o n  u s in g  F on H
2Given two s u b m a t r i c e s  F and H hav ing  s - 1  and ( s - 1 )  rows,  
r e s p e c t i v e l y ,  and th e  same number o f  columns.
M u l t i p l y  th e  i - t h  row o f  F by 1 /s  and s u b t r a c t  t h e  r e s u l t  
from each  o f  th e  rows in  t h e  i - t h  s e t  o f  s -1  rows o f  H, ( i  = 1 , 2 , . . . , s - 1 )  
An R* o p e r a t i o n  u s i n g  F on H
Given two s u b m a t r i c e s  F and H as p r e v i o u s l y  d e f i n e d .
M u l t i p l y  t h e  i - t h  row o f  F by 1 /s  and s u b t r a c t  t h e  r e s u l t  
from th e  i - t h  row o f  t h e  j - t h  s e t  o f  s -1  rows o f  H, ( i , j  = 1 , 2 , . . . , s - l ) .
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The outcomes a r e  as f o l l o w s :
A G1 o p e r a t i o n  u s in g
i )  B on G1 r e s u l t s  i n  0 n
h ,h
i i )  G on A r e s u l t s  i n  0 , 9  o 
— h
i i i )  G on I r e s u l t s  i n  T,h 2 , h 2
where
i v )  R on r e s u l t s  i n  0 ^  ^2 >
V , h 2 ’  d i a « ( s 3 l h - s 2\ h - - - - ’ s 3 l i • V -
An R1 o p e r a t i o n  u s in g
i )  B on R' r e s u l t s  i n  0 9
h 2 ,h
i i )  G on £  r e s u l t s  i n  0 9 7
h jh
i i i )  R on D r e s u l t s  i n  0 9 9
h ,h
where
V , h 2
i v )  R on T 9 9 r e s u l t s  i n  $ , 9  9 ,
h ,h^ h jh^
A* B*
A* B*
B* B*
B *
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A* =
sh" - s h
- s h  sh"
- s h
•sh - s h
- s h
- s h
- s h
sh '
and
B* =
• sh
- s h
-sh
MM - s E 9 9 i s  th u s  r educe d  t o  diag(4> n i  ? ) .
lOh lOh h ,h h ,h
By r e a s o n s  o f  symmetry,  t h e  s u b m a t r i c e s  G and R a r e  r e a d i l y  
reduced  t o  ze ro  m a t r i c e s  by s i m i l a r  column t r a n s f o r m a t i o n s .
Thus ,
i d  ■ =5l » h , h l 5 l V , h 2
10
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
1,15
and
s 5 i Q j  . !q2 | a ,  s SlBh j h | 5 |4>h 2 , h 2 | 10 .
Hence,
|Q2 | a /  1 . (A.4 . 2 .9)
^ a S y l ’ ria362* T1ay64» ^ayeS* ^gyd?*
ngye8> ng<Se9> hySeio* (a ,g ,y ,<5 ,e  = l , . . . , s )  deno te  10s3 s 5 x 1 column 
v e c t o r s  d e f i n e d  as f o l l o w s :  each v e c t o r  has  s u n i t  e n t r i e s  ( i n  p o s i t i o n s  
s p e c i f i e d  as fo l lo w s )  and s 3 - s 2 ze ro  e n t r i e s  e l s e w h e re .
V ec to r :  U n i t  e n t r i e s  i n  p o s i t i o n s :
( a - l ) s 4 + ( g - l ) s 3 + ( y - l ) s 2 + a a  = l , . . . , s 2agy l
1ap62 ( a - l ) s 4 + ( g - l ) s 3 + a s 2 + ( 6 - l ) s  + b a = 0 , l , . . . , s - l
b = 1 , . . .  , s
na g c 3 Ca_1) s + ( 8- l ) s  + as + bs  + e a , b  = 0 , 1 , . . , , s -1
ncxy<S4 (a - 1 ) s4  + as3 + (y ~1)s 2 + (6-1) s + b a = 0 , 1 , . . . , s - 1
b — 1 , . , .  ,s
( a - l ) s 4 + a s 3 + ( y - l ) s 2 + bs + e a , b  = 0 , l , . . . , s - l
na(5e6 ( a - l ) s ^  + as^  + b s 2 + (<5-l)s + e a , b  = 0 , 1 , . . . , s -1
gy67
^aye5
n e - 7 a s 4 + ( B - l ) s 3 + ( y - l ) s 2 + ( 6- l ) s  + b a = 0 , l , . . . , s - l
b — X  ^ < j s
n3y e 8 as4  + ^ - 1 ^s3  + CY"1) s 2 + bs + e a , b  = 0 , l , . . . , s - l
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1 1 6
n g6c9 a s ^ + + bs2  + C5- l ) s  + e a »b = 0 , l , . . . , s - l
\ 6e 10 as4  + bs3  + Cy- 1Ds ^  + ( 5 - l ) s  + e a , b  = 0 , 1 , . . . , s - 1 .
Of t h e s e  10s3 v e c t o r s  on ly  1 + 5 ( s -1 )  + 1 0 ( s - l ) E + 1 0 ( s - l ) 3 
a r e  l i n e a r l y  i n d e p e n d e n t , s i n c e
s s s  s s s  s s s
S E 2 nagYl = E E E nag62 = E E E r,age3 =
a=l g=l y=l a=l y =1 5=1 a=l g=l e=l
s s s  s s s  s s s
/ , V 5 4  = E E E " a y e S  = E E E nct6e6 =
a = l  y=1 5=1 a= l  y=1 £=1 a= l  6=1 e = l
s s s  s s s  s s s
E E E ngy57 = E E E ngY£8 = 2 2 E ngse9 =
g=l y=1 5=1 3=1 Y=1 e=l  3=1 6=1 e=1
Z, A  E. nY6elO= Es 51
y=1 6=1 e = l  s 1
and
s s s s  s s  s s
E E ^ a g Y l  = E E r|a g 6 2  = ^ E ^ a g e S  = E ^ t1o y 6 4
0 = 1  Y= l  g = l  6 = 1  g = l  e = l  y = 1  6 = 1
s s s s
E E ’"WeS = E E r' a 6e6 = ^ a l  (a “ 1 >--*>S)
Y= 1  e = l  6 = 1  e = l
s s  s s  s s  s s
E E nagYl = E E nag62 = E E nage3 = E E 
a = l  y=1 a= l  6=1 a= l  e=l  y=1 5=1
s s s s
^ ^ ^gYeS =  ^ E hgggg = ^g2 = I * * 1**5)
Y = 1  e=1 6=1 e=l
S S  s s  s s  s s
E E nagYl = E. . E. naY54 = E E naY£5 = E E n8Y57a=l g=l T a=l 6=1 ' a=l  e= l  1 g=l 6=1 '
s s s s
E  E  n 8 Y e 8  =  E E 1 n Y 6 c l O =  ? y 3  =  l » - - - » s )
g=l e =1 ' 6=1 c=1 '
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s s  s s  s s  s s
X E na362 = E E T1ay64 = E E r|a6e6 = £ E Tl3y67 :
a=l 3=1 a=l y=l  a=1 e=1 3=1 y=l
E. 1 n36e9 = 1 1 ny 6 e l ( f  ^64 (6 =3=1 E=1 Y=1 E=1 '
'  ’ / W s  -  \  ^  -  \  * \ s * s  -  '  s  "Byes !a=l 3=1 a=l y= l  ' a=l  6=1 3=1 y=l
s s s s
 ^  ^r|S6£9 = E E t^ y6e10= e^5 =3=1 6=1 P y=l 6=1 Y
and
s  s s
E ^ctByl ~ E r|a362 = z ^03^3 = ^a31 (“ >$ = l»**«>s)
y= l 6=1 £=1
1 xa = E n c = 1 n o i ? o ^a »Y = 1 »• • • >s )6=1 ay64 £=1 aye5 ^  aByl ay2
0Zl na362 = E r’ay64 = E nct6e 6 = Cct63 a^ >6 ~ 1» - - - » s 3
3=1 y=l  e=l
s s s
E r,a3e3 " E ^ayeS = E ria 6e6 = ^ae4 (a >£ = l »*»«»s)
3=1 y=l 6=1
E1na3y l  = ^ ri3y67 = E1n3y£8 = c 3y5 (6>Y =a= l  6=1 e=l
s s s
Z, nct362 = Ei n3y67 = E n36e9 = C366 ^ » 6 =a= l  y=l  e=1
z na3e3 = z n3yE8 = z n36e9 = ^3e7 ( 6 >e “
a= l  y=l  6=1
s s s
E n , = X nD „  = E n . = C ( y ,6 = l , . . . , s )a=1 ay64 g=1 3y67 e = 1  y 6 e 10  y 68
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X n aye5 = E n3ye8 = i I i ’V e l 0 “ Cye9 (Y»e = l , . . . , s )
01=1 P=1 0 = 1
s s s
E na 6e6 = E n86c9 = E1ny 6elOiS ? 6c10 ^ » e = i * * * - . 5 ) -a= l  B=1 y=l
Let  t h e  1 0 ( s - l )  + 1 0 ( s - l )  + 5 ( s - l )  + 1 d im ens iona l  space
g e n e r a t e d  by th e s e  v e c t o r s  be deno ted  Hg and l e t  th e  1 0 ( s - 1)3 d im ens iona l  
subspace  o f  Hg t h a t  i s  o r th o g o n a l  t o  H2 be deno ted  Hg*. Any X e Hg* may 
be  w r i t t e n
10 s s s
X = E E E Z e, . .T), ,  .
j - i  m= i  1=1 t = i  k l ” J klm:i
w i th
10 s s s
Ei A  = ° ’ s i n c e X J _ E  5 .
3=1 m=l 1=1 k= l  J s
6 s s 
E E E 
j = l  1=1 m=lX Z E e almj = 0 (a =
j = l  1=1 m=l 
37*4,5,6
10 s s
E E 1 ekymj = 0 (y -  1 , . . .  , s )
j = l  m=l k=l  
17*2,3,6,9
10 s s
, E, E ®km6j = 0 (6 = 1 , .  . , , s)
j =2 k= l  m=l J
37*3,5,8
10 s ■ s
•E,  v £ . E1ekmej '  0 ( e - l , . . . . s )j=3 k=l m=l J
i M , 7
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and
3 s 
E E 
j = l  m=l
-  0 ( a , 8 = 1 , . .  . , s )
5 s
. E Z ®aymj = 0 a^ ,Y =j = l  m=l
j ^ 2 , 3
6 s
E E = ® ( a , 6 = 1,... ,s)
j =2 m=l ™ 5] 
j ^ 3 , 5
6 s
E E e amej = ® a^ , e  =j=3 m=l
8 s
E E em8yj = 0 t6,Y =j=7 m=l J
3 = 1
s
E E ®m86 i = ® ( 8,6  = 1 , .  . .  , s )
j = 2 , 7 , 9  m=l
9 s
E E em8ei  = ^ ($»E = 1>***»®)
j =8 m=l
3=3
E E emv6 i = ® 
j = 4 , 7 , 10 m=l T J
£ E ®rj,V ( y >£ _ 1 » - * * » s )
j = 5 , 8 ,10 m=l Y 3 
10 s
E E em6ei  = 0 ^ , e  = 1 >***>S)*j=9 m=l 3
j =6
Any t r e a t m e n t  i  has  a un ique  s e t  o f  c o o r d i n a t e s  ( a , 8 , Y > S , e ) ,
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so  that, fo r  any X e H^*,
Xi  _ e otgyl + e ag62 + e a3e3 + e ay64 + e aye5 + e a 6e 6
+ e 3yd7 + e 3ye8 + e 36e9 + ey 6el<r
With r e f e r e n c e  t o  (A.4 . 2 . 2 ) ,  a r e  o b t a i n e d  as f u n c t i o n s  
o f  s and x^ i n  a manner ana logous  t o  t h a t  used  i n  t h e  p r e v io u s  
i n s t a n c e s .
S j  = (2s - 5)x^
52 = ( s 2 - 8s + 10^
5 3 = ( - 3 s 2 + 12s -  10)x i
54 = (3 s 2 - 8s + 5 ) x i .
These v a lu e s  f o r  ( i  = 1 , . . . , 4 )  a r e  s u b s t i t u t e d  i n
e q u a t i o n  (A.4 . 2 . 2) .  The r e s u l t  i s  y^ = 63*^,  V  i -  Thus ,  any v e c t o r
o f  H^* i s  an e i g e n v e c t o r  o f  NN' c o r r e s p o n d in g  t o  6 3 . The d imension  o f
*  7  *H3 i s  1 0 ( s - l )  . Hence,  H3 i s  t h e  e ig e n sp a c e  c o r r e s p o n d in g  to  63 .
Two d i f f e r e n t  s e t s  o f  b a s i s  v e c t o r s  f o r  H3 have been
o b t a i n e d ,  namely,  t h e  s e t  o f  column v e c t o r s  o f  t h e  m a t r i x
[ g q ,  G p  G2 , G3 J  and th e  s e t  compri sed  o f  th e  5 ( s - l )  l i n e a r l y  i n d e -
2penden t  v e c t o r s  o f  t h e  £ t y p e ,  t h e  1 0 ( s - l )  l i n e a r l y  in de penden t
7
v e c t o r s  o f  t h e  Z t y p e  and t h e  1 0 ( s - l )  l i n e a r l y  in de penden t  v e c t o r s  o f
t h e  n t y p e ,  t o g e t h e r  w i th  E 3 . The gramians  o f  t h e  v e c t o r s  o f  t h e s e
s 1
two s e t s  o f  b a s i s  v e c t o r s  a r e  r a t i o n a l l y  co n g ru en t .
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=In a d d it io n  to  c o n d it io n s  (A.4 .2 .3 )  and (A .4 . 2 . 8 ) ,  the
fo l lo w in g  co n d it io n s  hold:
a) f o r  a l l  j , E ,  . r  , .
I s  klmj
f s^ i f  k = k ' ,  1=1 ' ,  m=m 
\ l m j  V l ' m ' j  j Q i £  k^k . o r  1/ 1 ' o r
m^m1 .
t>) f o r  each p a i r  j , j '  such t h a t  e x a c t l y  two o f  k , l , m
r e f e r  t o  t h e  same two o f  a , 8 , y , 6 , e  as  two o f  k ' j l ' j i n 1, 
( e g . , k , k '  and 1 , 1 ' ) ,
( s 2 i f  k=k'  and 1=1 '
?k l j  ’ V l ' m ' j '  j Q . f  k^k , Qr l j 4 l ,
|  s i f  k=k'  and 1=1 '
" k i - j  ■ " k ' i w j - j 0 , f  m , o r
c) f o r  each p a i r  j , j '  such  t h a t  e x a c t l y  one o f  k , l , m
r e f e r s  t o  t h e  same one o f  a ,£3 ,Y,6,e as one o f  k ' , l ' , m '  
( e g . , k and k ' ) ,
( s 2 i f  k=k'
H j  • v i . - t  - j 0 i f  k A ,
( s i f  k=k'
sk l j  '  V l ’m ' j '  = j 0 u m ,
( 1  i f  k=k'
"itaj • V i . . ' j . - | 0 i f W .
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where K i s  
d e f i n e d  by
d) fo r  each p a ir  j , j '  such th a t no two o f  k j k ' j l ' m'  
r e fe r  to  th e same one o f  c t , 8 , Y , < $ , £ ,
5kj * V l ' m ’ j '  = s '
e) fo r  each p a ir  j , j *  such th a t no two o f  k , l , m  r e fe r  
to  th e same two o f  a , 8 , Y , 6 , e  as two o f  k ' , l , ,m, >
(A.4 . 2 . 10)
C onsequen t ly ,
)l , 5 h  ° l , 1 0 h 2 0 l , 1 0 h 3
0 Q
5 h , 1 *1
0  O 0  7
5 h , lOh 5h,10h
0 o 0 o Q10h2 , 1 lOh ,5h y 2 °10h2 ,10h3
°10h3 , l  °10h3 ,Sh °10h3 ,1 0 h 2 Q3
t h e  s q u a re  m a t r i x  o f  s i d e  1 + 5 ( s - l )  + 1 0 ( s - l ) 2 + l O ( s - l ) 3
*
K =
UL
ML
LL
UM
MM
LM
UP
MP
LP
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LL = CUP)1 i s  the 1 0 ( s - l ) 3 x £l + 5 ( s - l ) 3  matrix
• V l  F ' J ' SEh %  * V h
s 2E, F ' H' sE, x, J '  sE,h3l  r n h 3h J h 3h
h 3l  F’ H- . sEh3h sEh3h J*
SV l  F’ *Vh HV j ' ^
S2\ 3 l  F ’ S\ 3 h « .  s E ^  J -
‘ V l  F '  S E ^  sEh3h H' J -
s zE ,  sE ,  F '  H' J '  sE ,
h3l  h3h h 3h
’ V l  s \ 3 h F- « '  sEh 3h J
* V l  sEh 3h F ' SW  H"  J
s 2E _ sE ,  sE _ F ’ H’ J
h 3l  h 3h h 3h
where
F -  s 2 I h © E lh2
J  = s 2El h 2 ® Ih ’
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MP = (LM) ' i s  the 1 0 ( s - l ) ^  x lO ( s - l ) ^  m atrix
F1 F1 F1 H1 H1 H1 J 1 J l  J i
H j  K j  H2 K2 H j  F j  Mj E h1
Hj  H j  Kj  H1 K j  K2 E Mj Mj
R1 T1 T1 L1 L1 E F1 F1 H1
T j  Rx T x Mx E L x Kj  H :  F j
T1 T1 R1 E M1 M1 H1 K1 K1
U1 M1 E R1 T1 L1 R1 T1 L1
Uj_ E Mx T x Rj_ Mx Tj_ R x Mj_
E U 1 Mj U j  Mx R x U j  Mj Rx
where
E = E 2u3h zh
F. = s 2I 9 © E  
1 h2 lh
Kj = s 2 I h @ E l h © I h
R1 ■ ^ I h ® ^
" l  = ’  I h ® Bhh»
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T1 = s El h ® I h ® Ehh
Ui = s E ,, (x) I (x) E 
1 l h 2 h h i
J 1 = S Eh l ®  I h ® El h 2
L1 = S Ehh © I h ® Elh
M1 = S E hh 2 ©
i s th e  10 (s - I ) 3 x 10 ( s - I ) 3 m a t r i x
I* A2 A2 J 2 J 2 L2 c 2 C2 v2 . T2
A2 I* A2 °2 L2 J 2 F2 V2 C2 M2
A2 A2 I* L2 °2 °2 V2 F2 F2 x2
J 2 °2 L2 I* A2 J2 K2 W2 M2 C2
J2 - L2 °2 A2 I* °2 W2 K2 X2 F2
L2 J 2 °2 J 2 D2 I* U2 X2 K2 K2
C2 F2 V2 K2 W2 U2 I* A2 J 2 C2
C2 F2 w2 k2 x2 A2 I* D2 F2
V2 C2 F2 M- X2 K2 J 2 °2 I* K2
T2 MJ X2 C2 F2 K2 C2 F2 K2
*I
where
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* 2 I = S^I * 
h 5
A0 = s I o (x) E 
2 h 2 hh
J 2 * s I h ® Eh l ® Ih © Elh  
C2 . s E h i @ V ® E i h
°2  ■ 5
F2 . s E h i © I h © Ei h © Ih
K. = s E 6c) I 7 
2 hh ^  h 2
L9 = I © E  0 0 
2 h h 2h 2
v 2 - E h i © I h © B hh2 
u2 = Ehh2 © I h © E h i
T2 -  V l ® ^ ® 8^
M2 ■ A Jh ® Ih ® Blh
U2 ’  M2 '
A sequence  o f  e l e m e n ta ry  row and column t r a n s f o r m a t i o n s  
s i m i l a r  t o  th o s e  p r e v i o u s l y  u sed  r educe s  K* t o  an e q u i v a l e n t  form which
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f a c i l i t a t e s  th e  e v a l u a t i o n  o f  | K* | .
1) M u l t i p l y  t h e  f i r s t  row o f  K* by 1 / s  and s u b t r a c t  t h e
r e s u l t  from th e  rem a in ing  rows o f  UL, UM, UP. With t h e  e x c e p t i o n  o f
e n t r i e s  i n  the  f i r s t  column o f  UL, t h i s  r e s u l t s  i n  t h e  s u b t r a c t i o n  o f  
s 3 , s^ and s  from t h e  e n t r i e s  i n  t h e s e  rem a in in g  rows o f  UL, UM and UP, 
r e s p e c t i v e l y .  Zeros r e s u l t  i n  t h e  f i r s t  column o f  UL, w i th  t h e  
e x c e p t i o n  o f  s 3 i n  th e  f i r s t  p o s i t i o n .
2) M u l t i p ly  t h e  f i r s t  column o f  K* by 1 / s  and s u b t r a c t
t h e  r e s u l t  from th e  rem a in ing  columns o f  UL, ML, LL. Zeros r e s u l t  i n
t h e  f i r s t  row o f  UL, w i th  t h e  e x c e p t io n  o f  s 3 i n  t h e  f i r s t  p o s i t i o n .
With t h e  e x c e p t io n  o f  t h e  f i r s t  column o f  ML, LL, s 2 i s  s u b t r a c t e d ,  by 
t h i s  t r a n s f o r m a t i o n ,  from every  e n t r y  i n  ML and s i s  s u b t r a c t e d  from 
every  e n t r y  in  LL.
3) M u l t i p ly  t h e  f i r s t  row o f  what  remains  o f  K* by 1 / s 2
and s u b t r a c t  t h e  r e s u l t  from t h e  rows o f  ML, MM, MP. Zeros  appea r  i n
t h e  f i r s t  column o f  ML. MM becomes MM - ^ j Q j ^ i o h 2 ’ ^  becomes
MP - E 9 , .
lOh 10h3
"te4) M u l t i p ly  t h e  f i r s t  column o f  what  remains  o f  K by 1 /s^
and s u b t r a c t  th e  r e s u l t  from th e  columns o f  UM, MM, LM. In  a d d i t i o n  to
zeros  r e s u l t i n g  in  t h e  f i r s t  row o f  UM, t h e  m a t r i x  LM becomes
LM - E _ 0 .
10h 310h
5) M u l t i p ly  t h e  f i r s t  row o f  what remains o f  K* by 1 / s 3 
and s u b t r a c t  t h e  r e s u l t  from t h e  rows o f  LL, LM, LP. The f i r s t  column 
o f  LL becomes zeros  and 1 / s  i s  s u b t r a c t e d  from every  e n t r y  i n  LP.
6 ) M u l t i p ly  t h e  f i r s t  column o f  K*, r educed  thus  f a r ,  by 1 / s 3
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and subtract the r e s u lt  from the columns o f  UP, MP, LP. Because th is  
f i r s t  column has one non-zero entry , namely, s 3 in the f i r s t  p o s i t io n ,  
t h is  transformation a f f e c t s  the f i r s t  row, only , o f  UP. Zeros r e s u lt  
there.
7) Using the submatrices o f  what remains o f  UP as
operators, perform on MP - *"be exac  ^ sequence o f  G' and R'
operations which was used in  the reduction o f  Kr>
Let these submatrices be designated F_ , H and J_, where, 
for  example, H = s2^ i h ® * h ® Elh ~ S \ h 3 ‘ S im ila r ly ,  l e t  the 
submatrices o f  MP - Ejoh210h3 be designated Fl> Kl> Rl> Hl> Tl> ul» J l> 
Lj and M^ , where, for  example, Mj = s E 2 ©  ^  " \ 2 j 13*
Consequently, a G' operation using
i )  F_ on Fj r e s u l t s  in Ag
i i )  F_ on r e s u lt s  in 0 o . 3— — Ii J ll
i i i )  F_ on Kj r e s u l t s  in  Cg
iv )  H on Rj r e s u lt s  in Fg
v) H on Ti r e s u lt s  in  0, 2 , 3— —  h ,h
v i )  J on U-i r e s u l t s  in 0 2 3
~  —  h ,h
and an R' operation using
i )  H on Aj r e s u l t s  in Dg
i i )  F on Ji r e s u l t s  in 0 2 , 3— h ,h
i i i )  J_ on Cg r e s u lt s  in Jg
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where
and
where
and
where
C3
i v )  H on Lj r e s u l t s  i n  0^2 ^3
v) J_ on Fj  r e s u l t s  i n  Kg
v i )  J[ on Mj r e s u l t s  i n  0^2 ^ 3 -
2 3Each o f  t h e  f o l l o w i n g  m a t r i c e s  i s  h x h . 
A3.  = Ih ® [ s 2 l h ® Elh '  S Ehh2 ]
-  Ih ® L s2Ei h ® Ih - s V ]
F3 ’  El h ® [ s 2 l h 2 '  s : h ® Eh h ^
Dg = Ih (x) (Dj-Cj) +
[ s ( s - D ]  I h @ E i h * ( l - s ) E hh2
C1 " Ehh2 -  5 : h ® Elh  •
j3 = ih©cM - n ♦ Ehh© r,
U = [ s ( s - » ]  El h © I h ♦ Cl-s)Ehh2
F -  W  - * El h ® Th '
K3 = 6 l h ® [ I h ® ( R - K) ♦ Eh h ® K] '
R = [ s ( s - D ]  Ih + d - s ) E hh and K = Ehh
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The m a t r i c e s  UP and MP, 
f o l l o w i n g  forms:
UP = (LL) '  = 
0 0
F F
H H
J  0
0 J
0 0 
and MP =
0 0
k 3 0
o k3
0 0
0 0
0 0
0 0
0 0
F F
H 0
0 H
0 J
J  0
d3 0
0 °3
J 3 0
0 0
0 0
k3 0
0 k3
0 0
0 0
0 0
F F
0 0
H 0
0 H
J  J
0 0
d 3 0
J 3 J 3
0 0
0 0
0 0
0 0
k3 0
o k3
at  t h i s  s ta g e ,
0 0
0 0
F F
H H
J  0
0 1
0 0
0 0
0 0
d 3 d 3
J 3 0
0 J 3
K3 0
o k3
0 0
assume the
0 0
0 0
I  0
0 F_
H H
J  J
0 0
0 0
0 0
0 0
d3 0
J 3 0
0 D3
o J 3
(A.4 . 2 . 11)
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8) Perform the exact  sequence o f  column transform ations
which was used  to  r educe  th e  s u b m a t r i c e s  G and R t o  ze ro  m a t r i c e s
( i n  t h e  r e d u c t i o n  o f  K „) , t o  change LM-E 7 7 t o  t h e  t r a n s p o s e  o f
r  lOh lOh F
t h e  m a t r i x  (A.4 . 2 . 1 1 ) .
The r e d u c t i o n  o f  LL t o  () , 7 , r e q u i r e s  t h r e e  new—  lOh , l+5h H
o p e r a t i o n s  whose d e f i n i t i o n s  fo l l o w .
Let  A and B be two s u b m a t r i c e s  h av in g  s - 1  and ( s - 1 ) ^  
rows,  r e s p e c t i v e l y ,  and th e  same number o f  columns.
An F o p e r a t i o n  u s i n g  A on B
2
M u l t i p ly  t h e  i - t h  row o f  A by 1 /s  and s u b t r a c t  th e
r e s u l t  from each o f  th e  rows i n  t h e  i - t h  s e t  o f  ( s - 1 ) 2 rows o f  B,
( i  = 1 , . . . , s - l ) .
An H o p e r a t i o n  u s in g  A on B
M u l t i p ly  t h e  i - t h  row o f  A by 1 / s 2 and s u b t r a c t  t h e
r e s u l t  from each o f  t h e  rows i n  t h e  i - t h  s e t  o f  ( s - 1) rows i n  each
s e t  o f  ( s - 1 ) 2 rows o f  B, ( i  = l , . . . , s - l ) .
A J  o p e r a t i o n  u s in g  A on B
M u l t i p ly  th e  i - t h  row o f  A by 1 / s 2 and s u b t r a c t  t h e  r e s u l t
2from t h e  i - t h  row o f  each s e t  o f  s -1  rows i n  each s e t  o f  ( s - 1) rows 
o f  B, ( i  = 1 , . . . , s - l )  .
The m a t r i c e s  B^ t o g e t h e r  w i th  t h e s e  t h r e e  o p e r a t i o n s ,
a r e  u sed  on the  s u b m a t r i c e s  F ' , H' and J '  t o  r educe  LL t o  0 T
-  -  -  —  lOh , l+5h
For  example ,  t h e  f i r s t  B, _ m a t r i x  i s  used  t o  o b t a i n  ze ros  inh ,h
columns 2 , . . . , s  o f  LL. To t h i s  end ,  an F o p e r a t i o n  i s  pe r fo rm ed  on
each o f  t h e  f i r s t ,  second ,  . . . ,  s i x t h  s e t s  o f  ( s -1 )  rows o f  LL. Then,
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t h e  second ^ i s  u s e d ,  f i r s t l y ,  w i th  an H o p e r a t i o n  on t h e  sub-
r
m a t r i c e s  H1 i n  t h e  f i r s t ,  second  and t h i r d  s e t s  o f  ( s - 1 )  rows o f
LL, and s e c o n d ly ,  w i th  an F o p e r a t i o n  on t h e  s e v e n t h ,  e i g h t h  and
n i n t h  s e t s  o f  ( s - 1 )  rows o f  LL. The c o n t i n u a t i o n  o f  t h i s  p r o c e s s
e f f e c t s  t h e  r e q u i r e d  r e d u c t i o n ,  s i n c e  an F o p e r a t i o n  u s i n g  ^ on
F_', an H o p e r a t i o n  u s i n g  B^ ^ on H' and a J  o p e r a t i o n  u s in g  B^ ^ on
J ’ each r e s u l t  i n  0. 3 — h , n
This  sequence  o f  F,  H and J  o p e r a t i o n s  s im u l t a n e o u s l y
e f f e c t s  a t r a n s f o r m a t i o n  o f  t h e  m a t r i x  LP - ~  3 , . ,  3 . .  Let  t h es lOh lOh
2 1s u b m a t r i c e s  t h e r e i n  be deno ted  s i  7 - t  E 3 3 , A2 , J 2 , C2 > ^ 2 » ^ 2 »h h h  —*■ — — ~  —
K2 , 1^ 2, V2, W2 , U2 , T2, M2 and X2> where, f o r  example,
0 3 3 r e s u l t s  from
h ,h
a)  an F o p e r a t i o n  u s i n g  
i )  F on L?
i i )  H on V^'
i i i )  £  on T^ 1
b) an H o p e r a t i o n  u s in g
i )  F_ on V2
i i )  H on W?
i i i )  on M2 '
c) a J  o p e r a t i o n  u s in g
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
133
i ) JL on I 2
i i ) H on m2
i i i ) J on x2 -
A s t a t e m e n t  o f  t h e  form, "An F o p e r a t i o n  u s in g  F_ on A2 
f o l lo w ed  by an H o p e r a t i o n  u s in g  H on t h e  r e s u l t a n t  m a t r i x  y i e l d s  L4" 
w i l l  be w r i t t e n :
F F  ^ (H) H } l4 .
h .
Thus ,
i )  F ___ L - *  (H)  J 1 - * L 4
A2
i i )  F................. (J)   i _ > R 4
£2
i i i )  H H- >  (J )  J  > W4
I F
i v )  jF —_JL-4  (H)  S4
u
v) F „  ...F...> (J)   S4
U
v i )  H ____F _ »  (J)
v i i )  F H_ y (H) .... J ._4  P4
" C j
v i i i ) _ £ _  L->  (J)  -----
I *
i x )  F..................( J )   U4
~F2
x) F ■ _F_ 4  (H) J L >  0  J _ >  £4  •
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where
and
where
and
L4 = Th ®  ^C4 “ °4>  + Eh h ®  °4  •
C. = ( s - l ) I  ©  E + (-1  + I ) E
h hh
D = ~ E o o - I  © E  
4 s h h 2 h hh
R = Ih ©  CA4 - F4 ) + Ehh ©  F4
F = c- E 9 9 - E  © I ,
4 s h 2h 2 h h w  h
W4 = Ehh ®  H4
where H4 i s  an h 2 x h 2 m a t r i x  h av in g  t h e  m a t r i c e s  ( s - l ) I ^  + ( -1  +~ ) E^j1 
on t h e  p r i n c i p a l  d i a g o n a l  and 1. E ^  - 1^ e l s e w h e re .
H = s i  9 - I © E  -  E , , ©  I, + T  E 9, o .
4 h 2 h hh h h w  h s h 2h 2
where
and
S4 ' = I h ®  *-K4 " J 4-) + Eh h ®  J 4 ’
[-K4 ’  Bh l ®  tS_1 ) I h ® Blh  * C_1 * =)Eh h 2]
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P4 = Eh l  ©  M4 '
where
»4 ’  h ® < * A  '  V  * Eh h ® X4 ’
V4 .  C s - D I h © E lh  + ( . 1  * I ) E hh2 ,
and
X " = - E ~ - I ( x ) E .
4 s h h 2 h lh
U. = E, © N ,  ,4 h i  ^  4
where
N4 "  ^ © ^ 4  - S)  * Eh h ® S •
V  ( s - 1)E 1h ® Ih *  C- 1 * T )Ehh2 '
and
S ■ S Ehh2 ■ El h  ®  rh ■
«4 ’  : h ® ( T4 -  V  + Eh h ® Y4 •
? 2T4 h a s  t h e  m a t r i c e s  (s - 1) 1^ + (-2  + —)E^h on th e  p r i n c i p a l  d i a g o n a l
and ( j  - 1 ) 5 ^  - e l sew here ,  w h i l e  has  (i- - 1 ) 5 ^  - on i t s
2p r i n c i p a l  d i a g o n a l  and — E ^  - 1^ e l se w h e re .
S ince  UP = (LL) t h e  s u b m a t r i c e s  IF, H and J_ a r e  r e a d i l y  
reduced  t o  ze ro  m a t r i c e s  by s i m i l a r  column t r a n s f o r m a t i o n s .  At t h i s  
p o i n t ,  MM - sE ioh2ioh2  i s  < l iaE » h 2 i h 2 , . . . , t h 2 j h 2)-
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
136
-  I
s E10h 310h 3
t h u s  t r a n s f o r m e d  i s
£4 L4 L4 V
’4 0 P4 P4 0 0
L4 ^4 L4 R4
0 V U4 0 P4 0
L4 L4 £4 0 R4 R4 0 U4 U4 0
S4 r4 0 O4 L4 s 4 - w4 0 0 P4
s 4 0 r4 L4 04 R4 0 W4 0 U4
0 S4 r4 S4 r4 O4 0 0 W4 w4
V V 0 w4 0 0 04 l 4 s 4 - P4
V 0 U4 0 W4 0 L4 04 R4 U4
0 V U4 0 0 W4 S4 R4 0 4 W4
0 0 0 V V W4 P4* V W4 0-4
The e l i m i n a t i o n  o f  th e  s u b m a t r i c e s  D g ' , J 3 ' and Kg' 
i s  e f f e c t e d  by t h r e e  a d d i t i o n a l  o p e r a t i o n s  whose d e f i n i t i o n s  f o l l o w .
An outcome o f  t h i s  e l i m i n a t i o n  p r o c e s s  i s  th e  d i a g o n a l i z a t i o n  o f  
(A. 4 . 2 . 12) .
2 3Let  A and B be two s u b m a t r i c e s  h a v in g  ( s -1 )  and ( s -1 )  
rows,  r e s p e c t i v e l y ,  and th e  same number o f  columns.
A o p e r a t i o n  u s i n g  A on B
M u l t i p ly  t h e  i - t h  row o f  t h e  j - t h  s e t  o f  ( s -1 )  rows o f  A 
by — and s u b t r a c t  t h e  r e s u l t  from th e  i - t h  row o f  each  o f  t h e  s -1  s e t s
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2in  the j - t h  s e t  o f  ( s -1 )  rows o f  B, ( i , j  = l , . . . , s - l ) .
A D3 o p e r a t i o n  u s i n g  A on B
M u l t i p ly  th e  i - t h  row o f  t h e  j - t h  s e t  o f  ( s -1 )  rows o f  A
by — and s u b t r a c t  t h e  r e s u l t  from each  o f  t h e  rows i n  t h e  i - t h  s e t  o f
s
s - 1  rows i n  t h e  j - t h  s e t  o f  ( s - 1 ) 2 rows o f  B, ( i , . j  = l , . . . , s - l ) .
A o p e r a t i o n  u s i n g  A on B
M u l t i p ly  t h e  i - t h  row o f  A by j  and s u b t r a c t  t h e  r e s u l t  
from t h e  i - t h  row o f  t h e  j - t h  s e t  o f  ( s - 1 ) ^  rows o f  B, ( i = l , . . . ,  ( s - 1 ) ^ )  , 
( j = l , . . . , s - l ) .
0 3 2 r e s u l t s  from
h ,h
i )  a  J ,  o p e r a t i o n  u s i n g  $  2 2 on
0 h ,h ^
i i )  a  D, o p e r a t i o n  u s i n g  $ 2 , 2  on D 1h ,h o
0 -i *z r e s u l t s  from 
h ,h
a) a Jg  o p e r a t i o n  u s i n g
i )  Dg on S4 '
i i )  J g  on
i i i )  Kg on U4 '
b)  a o p e r a t i o n  u s in g
i )  Dg on L4
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i i )  J 3 on S4
i i i )  K3 on P4 «
c) a  K3 o p e r a t i o n  u s in g
i )  D3 on P4
i i )  J 3 on
i i i )  K3 on W4 .
A sequence  o f  t h e  o p e r a t i o n s ,  D3> J 3 and K3 , t o g e t h e r  
w i th  t h e  r e s p e c t i v e  o p e r a t o r s ,  D3> J 3 , and K3 , s u c c e s s i v e l y  a p p l i e d  
t o  Q. , p roduces  A 3 3 • S y m b o l i c a l ly ,
h , h '
D,
D3  1 .
£4
^  ( J 3) — 3— ^ (K3) — 5 ^  A ^3
Thus,  (A .4 .2 .1 2 )  i s  r educed  t o  d i a g  ( A ,  A ,  , )  j where
h 3 , h 3 h 3 , h 3
A h 3 h 3 has  h X h raatrices c on the P rin cip al d ia g o n a l  and th e  
h 2 x h 2 m a t r i c e s  D* e l sew h e re .
C* =
w
w
w
w
w
w
w w
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and
D
where
Dj,  J 3 and
(cx,e,Y,'S,e 
f o l l o w s :
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I -  ELh s hh
W X
X W X
X
X X
[ O - 1 ) 2  . 0 - 1 ) 1  T ( s - 1 )
s s I h + s ^hh
W
hh '
S i m i l a r  column t r a n s f o r m a t i o n s  e l i m i n a t e  t h e  s u b m a t r i c e s  
K3 i n  (A.4 . 2 . 1 1 ) .  Thus,
1^*1 s5 M biv,h2 i10i Ai.3 ,h3 10
Hence ,
l Q , l / v l -  • (A.4 .2 .1 3 )
Let paBY615 Pol&y £ 2 ’ paBSe3’ paY<$e4* p3Y^e5»
= l , . . . , s )  deno te  5 s 4 s^ x 1 column v e c t o r s  d e f i n e d  as
each v e c t o r  has  s u n i t  e n t r i e s  ( i n p o s i t i o n s  s p e c i f i e d  as
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f o l l o w s )  and s 3 -  s ze ro  e n t r i e s  e l sew here :  
V ec to r :  U n i t  e n t r i e s  in  p o s i t i o n s :
pa3y61 ( a - 1) 554 + ( S - l ) s 3 + ( y - 1) s 2 + ( 6- l ) s  + a
pa 3y e 2 ( a - l ) s 4 + ( 3- l ) s 3 + ( y - l ) s 2 + as + e
pa 36e 3 ( a - l ) s 4 + ( 3- l ) s 3 + a s 2 + ( 6- l ) s  + e
Pay6e4 ( a - l ) s 4 + a s 3 + ( y - l ) s 2 + (6- l ) s  + e
P3y6e5 + ^ _1^s + ^ - l ) s 2 + C<5-l)s + e
Of t h e s e  5 s 4 v e c t o r s  o n ly  1 + 5 ( s -1 )  + 1 0 (s
1 0 ( s - l ) 3 + 5 ( s - l ) 4 a r e  l i n e a r l y  in d e p e n d e n t ,  s i n c e
s s s s  s s s s
2 Z S S Pa3y61 = ^ 2 E 2 pa 3y e 2 =
o=l 3=1 Y=1 6=1 a= l  3=1 y=l e=l  T
s s  s s  s s s s
E1 A  EnPctB6e3 = s , S- Pay6e4 a= l  3=1 6=1 e= l  a= l  y=l  6=1 e=l
s s s s
E E E E PD * c = E ■; 
B=1 Y“ 1 ! »1 C = 1 M  5 1
and
s s s  s s s  s s s
E Z E Pa3v61 = E Z E pa3ye2 = ^ E E
g=l  Y=1 6=1 3=1 y=l  e=l  3=1 6=1 e=l
S S S
z . E E pa y 6e 4 = 5cd ( a = l , . . . , s )  
y=l  6=1 e=l  '
a -  1 j * • ■ j s 
a = 0 , 1 , . . . , s - l  
a = 0 , 1 , . . . , s - l  
a  — 0 , 1 , . . . , s - l  
a  = 0 , l , . . . , s - l .  
- i ) 2  *
^a36e3 ~
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* i  \  A P- * “  ■ \  \  \ p« e v * -  \ s \  1 ’ <*<**a=1 y= l 6=1 1 a=1 y ~ 1 e=1 a=1 6=1 e =1
S S S
£ E 1* Pqv 5e 5 = ^R2 ^  =
y=l 6=1 e=l  &ySeS P
s s s  s s s  s s s
£ E £ Pa3y61 = £ E ^ PaBye2 = £ 2 2  Pay6e4
a=l 3=1 6=1 a= l  3=1 e=1 a= l  6=1 e=l
s s s
£ E E P3y 5e5 = 5y 3 (Y = 1 , . . .  , s )
3=1 6=1 e=l
s s s  s s s  s s s
E1 flEi V “ eY61 = E, A  z , pa36e3 = E E E pay6e4 =a = 1 3 = l  y= l  “=1 3=1 e = l  cx=l y = l  e=1
E E p3y6e5 = ^64 =
y = l  £=1
s s s  s s s  s s s
E E 1 pa3ve2 = E E E pa36c3 = E E E Pay6e4 =
a=l  3=1 Y=1 a= l  3=1 6=1 a=l  y = 1  6=1
s s s
2 2 E p3r6e5 = ^e5 (£ =
3 = 1  y = 1  6 = 1  r
s s s s s s
E 2 p ci3 y 6 1  = ^ E poi&ye2 = 2 E Pa 36e3 = ^a31 ( a , 3 = 1 , . . .  , s )
Y=1 6=1 y = l  e= l  6=1 £=1
A  = " el i  el l p°yt*< '  W  c“ ^ =1  s)
s s s s s s
E E pa3y61 = E E pa36e3 = E E p cxy6 e 4  = ^ct63 (<*>6=1,. . .  , s )
3=1 Y=1 3=1 e=1 6=1 e=1
s s s s s  s
E E p „  „  =  Z E p  p j  = H E P o  r  ? =  C a (a >£=!»• • • >s)
3=1 y=1 y- 1 6=1 aY<Se4 3=1 6=1 aB6£3 016:4
s s s s s s
E E p 0 , i  = E E p c!<r? = E E p ovSc|; = ^RvR (3»Y-1»• • • >s)
a = l  6=1 aE^ l  a= l  e = l  a3Ye2 6=1 e=1 &Y<Se5 &y5
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E
a=l
z pa8y61 = E y=l a= l
E pa36e3 
£=1
= E 
Y=1
z P6y6e5 
£= 1
= ^866 ( 8 , 6=1 , . . .  , s )
s
E
a=l y=l  a=l
S S
= E 
Y=1
S
= H c 7 ( 8 , £=l , « * « , s )
s
E
a=l
S s 
E P D n  = E 
$=1 0=1
s
^ Pay6e4 
£= 1
s
= E 
8=1
s
E p 8y<5eS e=l S’<5 8
( y , 6= l , . . . , s )
s
E
a=l 8=1 a=l
s
fiE1Pay6e4
s
= E 
8=1
s
S=1P^ SeS ^ye9
(y , £ —l , . . . , s )
s
E
a=l
s S
E p Q j. _ = E
e=i  ae6e3  a=i
s
^ ^ Pay6e4
s
= E 
8=1
S
^ ^ 6 6 5 S e l O (6 , £ —l , , • • , s)
s s s s
E p 
6=1 a8y61 £^ 2Pa0Ye2 ’"W yl . 1
^ pa86e3 = 
8=1
^ Pay6e4 = hoi<5e6 
Y=1
s s s s
E p
y=l a8y51 e 2 j pa8<Se3 ^0852
E pa8y<51 
a= l
E p 8y6e5 " ^ 6 7  
£= 1
s s s S
^ 2*5a 8y e 2 ^ ^ ^ a 3 6 e 3 a3e3 E Pa 8 y e 2  ~ E p 8y 6 e 5 " n3ye8 a= l  6=1
^ l Pa3y6!
g f 1Pa3ye2
E Pay6e 4 e= 1
= nay64
s
E p 
6=1 ay6e4 aye5
E pa86e3 = E p By6e5 “ n 86e9a=l
s
y=l
s
E Pay6e4 ” E p 3y6e5 = r'y6elO'  
a= l  8=1
Let t h e  5 ( s - l ) 4 + 1 0 ( s - l ) 3 + l O ( s - l ) 2 + 5 ( s - l )  + 1 
d im en s io n a l  space  g e n e r a t e d  by th e s e  v e c t o r s  be deno ted  and l e t  th e  
5 ( s - l ) 4 d im ens iona l  subspace  o f  t h a t  i s  o r th o g o n a l  t o  be deno ted  
H^*. Any X e  H^* may be w r i t t e n
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w ith
and
and
5 s s s s
X = E E E E E e, . . . p .  . . .
t -1  j  = l  m=l 1.1  k -1
5 s s s s
Z E E E E
t = l  j = l  m=l 1=1 k=l
£ 1 £ E E ek l m j t  = 0) s i n c e  X J . E s 5 i ,
4 s s s
* E E, E e a l . j t  = °t = l  1=1 m=l 3=1 J
5 s s s
E E E, E e fi lmjt = ^ <B =t = l  1=1 m=l 3=1 J
1*4
E E E E e lv m i t  = 0 C Y - l , . . . , s )
t = l  1=1 m=l j -1  1Y 3
ti<3
j ,  , E, E, , E, e lm6 j t  = 0 «  -t = l  1=1 m=l 3=1 J
t t t
E E E E e lm je t  "  0 (£ “ 1 ............s)t =2 1=1 m=l j  = l  ira;,et
3 s s 
E E E 
t = l  m=l j = l
E 1 E e avrait = ° (a,Y =t = l  m=l j  = l  aYra;,r
t ^ 3  
4 s  s
z z Z e * •„. = 0 (“ .« = 1 , . . .  , s )
t = l  m=l j = l
t t 2
4 s s
Z E E  = 0 ( a ,£ = 1 , . . .  , s )
t =2 m=l j -1  a" 3Et
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and
5 s s
£ £ £ e . = 0 ( | 3 , y  = l , . . . , s )
t -1  m=l j -1  
t ^ 3 , 4
E E. E em86j t  = °  (3 ,6  =t = l  m=l j = l  J
t * 2 , 4
5 s s
£ £ £ e = 0  ( 8 , e  = l , . . . , s )
t =2 m=l j -1  m^ Et 
ti*4
5 s s
£ £ T e .  = 0  ( y, 6 = 1 , . .  . , s )
t = l  m=l j -1  myj 6t  
t ^2 ,3
5 s s
E E £ emv 4. = 0 (Y,e  = l , . . . , s )
t =2 m=l j  = l  my;) L 
t?<3
5 s s
£ £ £ e . .  = 0 ( 6 , e = 1 , . . .  , s )
t=3  m=l f -1  • m:i6£t
2 s
£ £ e . = 0 ( a ,$ ,Y  = l , . . . , s )
t = l  j  = l  a ^ j t
3 s
£ £ e = 0 ( a , M  = l , . . . , s )
t -1  j -1  
t ?2
3 s
£ x e „ • * = 0 = 1 , . . .  , s )
t =2 j -1
r  E eay 6j t  = 0 Ca.Y.fi -
t - 1 , 4 j -1 
s
t=2^4 j = l  ' a y e i t
£ £ e .. = 0 (a ,Y»e = l , . . . , s )
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o f  s and x 
i n s t a n c e s .
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4 s
2 £ e = 0 ( a , 6 , e  = l , . . . , s )
t=3  j = l  aSe^
s
t = l ,5  j  = l  ^ j t
t= 2 ,5  j = l
E E e B6e i t  = 0 ( 3 , 6 , e  = l , . . . , s )
t = 3 , 5 j  = l  POe;,t
5 s
E £ e .  . = 0 ( y , 6 , e  = l , . . . , s )
t =4 j = l j yf i et
Any t r e a t m e n t  i  has  a un ique  s e t  o f  c o o r d i n a t e s  
I, so t h a t  f o r  any X e H^*,
Xi  e agy61 + e a8ye2 + e a86e3 + e ay6£4 + e gy6e5 *
With r e f e r e n c e  t o  (A. 4 . 2 . 2 ) ,  i s  o b t a i n e d  as a f u n c t i o n  
i n  a manner ana logous  t o  t h a t  used  i n  t h e  p r e v io u s
C onsequen t ly ,
S1 = ( s - 5 ) x i
S_ = ( -4s  + 10)x.2 i
S3 = (6s -  10) x i
S .  = ( -4s  + 5 )x .  . 4 l
These v a l u e s  f o r  ( i  = 1 , . . . , 4 )  a r e  s u b s t i t u t e d  i n
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e q u a t i o n  (A.4 . 2 . 2) ,  The r e s u l t  i s  y^ = @4xi> V i .  Thus ,  any v e c t o r  
*
o f  i s  an e i g e n v e c t o r  o f  NN' c o r r e s p o n d in g  t o  G^. The d im ension
o f  H * i s  5 ( s - l ) ^ .  Hence,  H^* i s  th e  e i g e n s p a c e  c o r r e s p o n d in g  t o  64 .
Two d i f f e r e n t  s e t s  o f  b a s i s  v e c t o r s  f o r  have been
o b t a i n e d ,  namely,  th e  s e t  o f  column v e c t o r s  o f  th e  m a t r i x
[ g0 > Gp  G2 ’ G3 ’ G4^ and th e  s e t  compr ised  o f  the  5 ( s - l )  l i n e a r l y
in d e p en d en t  v e c t o r s  o f  th e  £ t y p e ,  t h e  10 ( s - l )  l i n e a r l y  in d e p en d en t
v e c t o r s  o f  th e  £ t y p e ,  th e  1 0 ( s - l ) ^  l i n e a r l y  i n d e p e n d e n t  v e c t o r s  o f
th e  n ty p e  and the  5 ( s - l ) ^  l i n e a r l y  in d e p en d en t  v e c t o r s  o f  t h e  p
ty p e ,  t o g e t h e r  w i th  E ^ . The gramians  o f  th e  v e c t o r s  o f  t h e s e  two
s 1
s e t s  o f  b a s i s  v e c t o r s  a r e  r a t i o n a l l y  cong ruen t .
In  a d d i t i o n  t o  c o n d i t i o n s  (A.4 . 2 . 3 ) ,  ( A .4 .2 .8 )  and
(A.4 . 2 . 1 0 ) ,  th e  fo l l o w in g  c o n d i t i o n s  h o ld :
a) f o r  a l l  j , E r . p = s
I s 5 k lm t j
Pk lm t j  Pk ' l ' m ' t ' j
s i f  k = k ' , 1=1 ' ,
m=m' and t = t '
0 i f  k ^ k ' o r  1^ 1 '
o r  m^m' o r  t ^ t '
b )  f o r  each p a i r  j , j '  such t h a t  e x a c t l y  t h r e e  o f  k , l , m , t  
r e f e r  t o  t h e  same t h r e e  o f  a , B , y , 6 , e  as  t h r e e  o f  
k ' ,  l 1, m ' , t 1 ( e g . ,  k , k ! , 1 , 1 ' and m, m' ) ,
s i f  k = k ' , 1=1 ' 
and m=m'
nklmj Pk ' l ' m ' t ' j ' - )  o i f  kj i k ' ,  l j U '  o r
m^m' .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
147
C onsequen t ly ,
1 i f  k=k', 1=1'
and m=m'
Pk lm t j  Pk '  l ' m ' t ' j  1 j 0 i f k;*k . } •
o r  m /m ' .
c) f o r  each p a i r  j , j '  such t h a t  e x a c t l y  two o f  k , l , m , t  
r e f e r  t o  t h e  same two o f  a , 3 , y , 8 , e  as  two o f
k ' ,  1 ' ,  m1, t '  ( e g . ,  k , k '  and 1 , 1 ' ) ,
f s i f  k=k'  and 1=1 '
?k l j  \ '  I ' m ' j ' j 0 i f  k^k , o r  1^ 1 , i
( 1  i f  k=k ' and 1=1 '
\ l m j  Pk ' l ' m ' t ' j '  | 0 i f  kj(|k . o r i ^ i > .
d) f o r  each p a i r  j , j '  such t h a t  e x a c t l y  one o f  k , l , m , t  
r e f e r s  t o  t h e  same one o f  a , 0 , y , 6 , e  as  one o f
k ' , 1 ' ,  m' ( e g . ,  k and k ' ) ,
( s i
V  • P = ik j  k 1l ' m ' t ' i ' o £
f  k=k'  
f  M k '  .
( 1 i f  k=k'
?k l j  * Pk ' l ' m ' t '  j '  / 0 i f  k?£k, _
e) f o r  each p a i r  j , j '  such t h a t  no two o f  k , k ' , 1 *, m ' , t '
r e f e r  ,to t h e  same one o f  a , 0 , y , 6 , e ,
r« D = i
k j  * k ' l ' m ' t ' j '
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0
0
5h4 , 1 
* *
0 0 9 0 x 0 Al , 5 h  l , 1 0 h  l , 1 0 h 3 l , 5 h
5h,  1
0 ? 0 ? 
lOh ,1 lOh ,5h
0 9
5h, lOh
5h4 ,5h
0
5h4 ,10h"
0 3 0 4
5h ,10h 5 h , 5h
0 9 ^ 0 9 AlOh , lOh lOh ,5h
O 3 O 3 - O 3 9 QlOh ,1 lOh ,5h lOh , lOh
0
5h4 ,10h3
° 1 0 h 3 , 5 h 4
* *
r o  K ,
(A .4 .2 .1 4 )
where K i s  th e  s q u a re  m a t r i x  o f  s i d e  1 + 5 ( s - l )  + l O ( s - l ) '  
+ 1 0 ( s - l ) 3 + 5 ( s - l ) 4 d e f i n e d  by
UL
ML
LL
RL
UM
LM
RM
UP
MP
LP
RP
UR
MR
LR
RR
UR = (RL) • i s  t h e  1 + 5 ( s - l )  x 5 ( s - 1 ) 4 m a t r ix
UR
sE A 
l h 4
sE a 
l h 4
SE , 
l h 4
sE . 
l h 4 SEl h 4
H5 H5 H5 H5 \ h 4
C5 C5 C5 Ehh4 H5
°5 °5 E 4 hh4 c 5 C5
F5 \ h 4 °5 °5 D5
E 4 
Uh4 FS FS f 5 F5
where
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MR = (RM)' i s  the 1 0 ( s - l ) Z x 5 ( s - l ) ^  matrix
J 5 J 5 J 5 S5 W5
L5 L5 S5 J 5 X5
M5 S5 L5 L5 Y5
S5 M5 M5 M5 Z5
MR=
N5 N5 T5 X5 J 5
R5 T5 N5 Y5 L5
T5 R5 R5 Z5 M5
K5 U5 Y5 N5 N5
U5 K5 Z5 R5 R5
V5 Z5 K5 K5 K5
where
J  = s  I ->(x) E
h 2 l h 2
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LR = (RP) ' i s  the 1 0 ( s - l ) 3 x 5 ( s - l ) 4 matrix
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C6 C6 F6 V J 6
K6 F6 C6 L6 M6
F6 K6 K6 N6 P6
<*6 R6 L6 C6 S6
R6 q6 N6 K6 T6
U6 N6 q6 q6 V6
°6 W6 X6 S6 C6
W6 D6 Y6 T6 K6
Z6 Y6 °6 V6 q6
B6 A6 V6 °6 °6
C = 
6
s i ,
h 3 Q E lh
D = 
6
s E
lh ©v
O
'
ii s I 7 
h 2
© E  ©  I 
lh  h
V
s I © E  ( x ) I  9 
h lh  h2
F = 
6
I 9 (&) E y
h 2 hh2
R6 ^ I h ^ h ^ h h
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B = E ? (5T) I, o (x) E,
6 l h 2 ^  h 2 w  h i
V6 '  \ h 2 ®  V
T6 ‘  Eh h ®  Th ®  El h ®  rh 
S6 -
J  = E ©  I 9 ©  E 9 
6 h l w  h 2 l h 2
P = E © I  © E  7 © I  
6 h i  li l h 2 h
M = E ©  I ©  E ©  I ©  E
6 h i  h lh  h lh
x« " Bi h ® Ih ® B h l ® Ih ® I1i h
H = I ©  E @ 1  ©  E „ 
6 h h i  h lh"
V6 '  Bl h ® Ih ® Eh h © Ih
A = E 7 © I  © E  © I  , 
6 l h 2 h h i W  h
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RR i s  the 5 ( s - l ) 4 x 5 ( s - l ) 4 matrix
RR =
s i ,  A A_ C Dh 4 7 7 7 7
A s I  4 F G H7 h 4 7 7 7
B' F s I  A J K7 7 h 4 7 7
Cl g; s i ,  4 L_7 7 7 h 4 7
D' H' K' L s i  „7 7 7 7 h 4
i n  which
A = I ? © E  
7 h hh
L = E ©  I _
7 hh h 3
F = I 9 © E  © I  
7 h 2 hh h
J  = I © E  ©  I 9 
7 h hh h2
B = I 9 © E  © I © E  
7 h 2 h i  h l h
K = E © I  © E  © I  9
7 h i  h l h h 2
H = E © I  2 © E  © I
7 h i  h z l h h
D = E © I  _ ©  E
7 h i  h 3 l h
C = I.  © E  © I  9 © E  
7 h . h i  h 2 l h
V  Ih ® IS , i ® ’h ® Bi h ® Ih
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To f a c i l i t a t e  t h e  e v a l u a t i o n  o f  | k**[ ,  e l e m e n ta ry  row 
and column o p e r a t i o n s  a r e  f i r s t  used  t o  r educe  K t o  an e q u i v a l e n t  
form. An e x t e n s i o n  o f  t h e  f i r s t  s i x  t r a n s f o r m a t i o n s  which were used  
i n  t h e  r e d u c t i o n  o f  K* t o  t h e  m a t r i c e s  UR, MR, LR, RL, RM, RP and RR 
h a s  t h e  fo l l o w in g  e f f e c t s  on K**:
i )  t h e  s u b t r a c t i o n  o f  one from th e  e lem en ts  i n  every  
row (column) o f  UR(RL), w i th  t h e  e x c e p t i o n  o f  t h e  e n t r i e s  i n  the  
f i r s t  row (column) o f  UR(RL). These e n t r i e s ,  which a r e  a l l  s,  remain 
unchanged.
i i )  t h e  s u b t r a c t i o n  o f  1 /s  from a l l  e n t r i e s  i n  RM and MR.
i i i )  t h e  s u b t r a c t i o n  o f  l / s 2  from a l l  e n t r i e s  i n  RP and LR.
Two a d d i t i o n a l  t r a n s f o r m a t i o n s  r e s u l t  i n  z e r o s ,  exce p t
f o r  S5 i n  th e  f i r s t  p o s i t i o n ,  i n  t h e  f i r s t  column and t h e  f i r s t  row o f
what  remains o f  K .
F i r s t l y ,  m u l t i p l y  t h e  f i r s t  row o f  K** by 1 / s ^  and
s u b t r a c t  t h e  r e s u l t  from t h e  rows o f  RL, RM, RP, RR. Zeros appea r
i n  t h e  f i r s t  column o f  RL and 1 / s ^  i s  s u b t r a c t e d  from a l l  e n t r i e s  i n  RR.
Second ly ,  m u l t i p l y  t h e  f i r s t  column o f  K , r educed  thus
f a r ,  by 1 / s ^  and s u b t r a c t  th e  r e s u l t  from th e  columns o f  UR, MR, LR, RR.
T h e . f i r s t  row o f  UR now has  ze ro  e n t r i e s .
The e x a c t  sequence  o f  G' and R' o p e r a t i o n s  which was used
in  t h e  r e d u c t i o n  o f  K must be ex tended  t o  t h e  m a t r i c e s  MR - — E o *
s lOh 5h
and RM - i  Then, t h e  e x a c t  sequence  o f  F, J  and H o p e r a t i o n s
p r e v i o u s l y  used  must be ex tended  t o  t h e  m a t r i c e s  LR - E 3 4  and
s 10h 5h
RP - ~~7T E a r .  RL and UR, t r a n s fo rm e d  thus  f a r ,  must  be r educed  t o  
s 2 5h lOh
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
155
0  . and 0  4 , r e s p e c t iv e ly .  The exact sequence o f  J_, K,
5h , 5h+l 5h + l , 5h
and operations, defined in the reduction o f  K*, must be extended
to  transform what remains o f  LR and RP. What remains o f  RM and MR must
be reduced to  zero m atrices. F in a l ly ,  RP and LR, transformed thus fa r ,
must be reduced to  zero m atrices. These s ix  major s te p s ,  described in
the fo llow ing  s e c t io n s ,  d iagon alize  RR -  -i-=- E . . .
s 5h 5h
Let the submatrices o f  what remains o f  UR be designated  
Hg, Cg, and F^, where, for  example, F5 = Fg - £ ^ 4 * S im ila r ly ,  l e t  
the submatrices o f  MR - denoted J5 , K5, L5, Mg, N5, R5,
r 5> S5, t 5> u5> v 5» w5> %5> y 5 an<^  Z5 , where, for  example,
' I  ” 
s *Vh‘
The aforementioned sequence o f G1 and R' operations,
using Hg, C^, Dg and F^  as operators on the submatrices o f
MR - ~  E o a, y ie ld s  s ix  new matrices in the fo llow ing  manner: 
s lOh 5h
h5 _ £ £ _ *  (C5) Fg
J 5
h5 (Ds ) b8
t 5
c 5 — (£5) — *LL-> g8 
£5
£5  G' ) (£5) , R' „ , y J 8
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1 5 6
£5  .— > (£5) .— ~ — ^ m8
£5
£ 5  _ _ Z ^ >  CF5 )   R *  y .N g
"kT
MR -  j  e ^qj125j14 thus  changed t o  a new m a t r i x ,
(MR)x =
0
g 8
M c
Ne
0
0
J 8
g8
0
M8
0
Me
0
N8 0
0
0
0
0
B g  B g  0 F g  0
0
0
F8
M8 M8
0 0 Ng Ng Ng
i n  which
Fs = I h © ( A - B )  * Eh h © B  ,
where
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where
where
A .  (S-1) I h © E lh2  -
B = - I h © Ei h 2 + l ' W  ;
®8 “ : h ® El h ®  (A' B) * \ h 2 ® B‘
°8  = El h ® Ih ® ( A-W * Ehh2 ® B’
A = ( s -1 )  I, (x) E - -)E, , 2h w  lh  s hh^
B = - I ( x ) E  + i  E ,  ;
h W  lh s h h 2
J 8 = I h © El h 2 ®  (A' B) + Eh h 3 ® B‘
M8 El h © Ih ® El h ®  (A" B) + Eh h 3 © B«
Ng = El h 2 © I h © ( A - B )  + Eh h 3 © B ;
A = ( s -1 )  I - C— •)E
h s hh
B = - I  + I E, , . h s hh
The c o r r e s p o n d in g  sequence  o f  column o p e r a t i o n s  r educes
RM - — E A 9 t o  
s 5h lOh
P roceed ing  t o  t h e  second  m a jo r  s t e p ,  l e t  t h e  s u b m a t r i c e s
o f  LR - i - E be deno ted  C6 , D6 , K6 , Q6 , F6 , R6 , W6 , U6 , Z6 , B6 ,
s 2 10h35h4
v6 > t 6 > s 6 > j 6 » p6 » m6 » x6 > h 6 > N6 » y 6 and A6 > w h e re» f o r  example,
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J = J i -  E i a, The necessary sequence o f  F, J and H operations,
_6 6 s 2 h V
using Hg, C5, D5 and F5 as operators on the submatrices o f
LR - - y  E 3 4 , y ie ld s  twenty two new matrices as fo llow s:  
s lOh 5h
h5 .. ... L .> (cs ) (d5) x9
" c 7
H5 CC5 )  Me
F6
h5 _ L 4  (C5) y9
«6
£5 _ J L >  (£5)   J - 4  Z9
£6
£ 5 ___ L_> c c 5 ) _ _ _ _ _ H 4  ( F 5 )  — P
■ 5
H5 ------------ (£5) — Q10
1 ;  ■ .
h5 (DS) — r
m6
10
£ 5  Cf 5) ___ 1 +  wio
Nfi
£ 5 ___*L» (£5) x
"pT
10
10
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These m atrices  comprise (LFOjj the  m atrix  which r e s u l t s
1 •from t r a n s f o r m i n g  L R  ? E  > by means o f  F, J  and H o p e r a t i o n s .
s z lOh 51v
Mr
( L R ) 1 =
*10
m9
S 10
B10
KlO
U10
Gio
Mio
Mc
r 10
B10‘
s 10
w10
G10
u 10
A11
r io
Qio
WlO
s 10
V10
A l l
U10
*9
Qio
WlO
X9
p10
s 10
T10
Y10
Z10
K10
x 10
T10
Y10
z 10
x9
P10
S 10
N10 B 11 '10 U10 '10
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where
where
and
where
\ l  ’  El h ® 1h ® Eh h ® CA- B:) * Eh 2 h 3 ® < ! 
B11 = El h2 © Ih ® Eh l ®  CA B) + Eh 2 h 3 ® B 
W10 = I h ® Eh h 2 ® tA- E ) ’ Eh2h 3 ® B 
X 10 = \ l ® Ih ® El h 2 ® CA- B) *  Eh 2h 3 ® B
Z10 = V ® 1, , ® ^  * V h 3 ® B-
A = (a-tO L + b a .h hh
B . = (b -c )  I, + c E,, h hh
( s - D 2 , ( s ^ l )  , 1a  = — t  . b = -  9 and c = ts ’ s 2
V ’l h ® 1! , ® ^ ® 1* - ”  t E h 2h2 ® B 
« 1 0 -  I h ® BH , ® C*’ B) + Eh 2h 2 ® B
T1 0 ’  V ® ^ ® 1* - ”  * Eh 2h 2 ® B
V  ’  Ehl ® Ih ® El h ® (A- B) * \ 2 h 2 ® B •
A ’  t a "b )  ' h ® Elh  + b Ehh2
B '  (b- C) W h  * C \ h 2
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where
and
where
Zo = Xh ®  (A' B) + E^ 2u © B>h 2h
A .  (a-b) Ih © E l h 2 - b E hh3
B = (b-c) Ih © E lh2 * c Ehhj
G10 = El h ® Ih ® CA' B) * E> - 2 ® Bh h 2
Bio  = Ih © Ei h © (A- B) + Ehh2 ® B >
A = (a -b)  I @ E  + b E _
h hh h 2h 2
B = (b -c )  I h © \ h + c E.h 2h 2
a = f e 4 ’ 2, b = - < £ 4  and c = L
s 2 s 2
M10 “ Elh® I h © E lh©(A-B) * Ehh3 ® B
%  “ * Ehh3 ® B
K10 ■ I h ® B l h 2 ® ( A - W  * Bhh3 © B ,
A = (a -b )  I h © E h l  + b Eh 2h
B = (b-c) Ih ® E hl  * c Eh2h
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M9 = ^ 0  CA-8) + Eh h © B  ,
where
A .  ( a -b )  . h ® B h h ! * b E h V
B = (b -c)  I h © E hh2 * c .
/  1 ^  fS” l )
In each o f  th e  f o r e g o in g  m a t r i c e s  A and B, a = , b = -  — s-
s
and c = •
S . 3 2For each  o f  t h e  fo l l o w i n g  m a t r i c e s ,  a = s - — + ~  ,
2 2 1 2  , , 2b = —T , c = - — + and d = —— ,
s s^ s s 2
s s^
where
where
X9 = + Ehh© B>
A = Ih ©  (C-D) + Ehh ©  D
B = I h ©  (D-F) + Eh h © F
C -  t a -b )  I h © E ih  * b Ehh2
D = (b -c )  I h ® E lh  * c E hh:
F = ( c d )  Ih © E ih .  d Ehh2 .
S10 = Ih ® EU l® ( A- bJ * Ehh2 ® B’
A = I ®  (C-D) + E © D  
h hh
B = Ih ©  (D-F) + Eh h ®  F
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where
where
P l O  ■ ^ © C A - B )  *  E h h © B ,
A « Ih ® E l h ®  (C-D) .  ^ © D
® -  Ih ® E l h ® ( D - F )  *
u io  = Ei h @ I h ® (A: B) + Eh h 2 ® Bj
A = I h ©  (C-D) + ©  D
B = Ih ©  (D-F) + Eh h © F
l n Pjq and Uj q ,
C = (a-b)  I. + b Eh hh
N.
D = (b -c )  I h ♦ c Ehh
F .  ( c -d )  ! h ♦ d Eh h .
Due t o  t h e  symmetry o f  K , a c o r r e s p o n d in g  sequence  o f
column o p e r a t i o n s  r educes  RP - ^ j ^ i o h ^  t0 [ ( L R ) j ] - .
This  comple te s  t h e  second s t e p .
The t h i r d  s t e p ,  namely,  t h a t  o f  e l i m i n a t i n g  RL and UR, 
r e q u i r e s  f o u r  a d d i t i o n a l  o p e r a t i o n s  whose d e f i n i t i o n s  f o l l o w .
Let  A and B be two m a t r i c e s  which have s - 1  and ( s - 1 ) ^  rows,  
r e s p e c t i v e l y ,  and t h e  same number o f  columns.
An F5 o p e r a t i o n  u s i n g  A on B
M u l t i p ly  t h e  i - t h  row o f  A by 1 / s 3 and s u b t r a c t  th e  r e s u l t
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from t h e  i - t h  row o f  eve ry  s u c c e s s i v e  s e t  o f  s -1  rows i n  each 
s u c c e s s i v e  s e t  o f  ( s - 1 ) 2 rows o f  B, ( i  = l , . . . , s - l ) .
A D5 o p e r a t i o n  u s in g  A on B
M u l t i p ly  t h e  i - t h  row o f  A by 1 / s 3 and s u b t r a c t  t h e  r e s u l t  
from each  o f  the  rows i n  th e  i - t h  s e t  o f  ( s - 1) rows i n  eve ry  s u c c e s s i v e  
s e t  o f  ( s - 1 ) 2 rows o f  B, ( i  = l , . . . , s - l ) .
A C5 o p e r a t i o n  u s in g  A on B
M u l t i p ly  t h e  i - t h  row o f  A by 1 / s 3 and s u b t r a c t  t h e  r e s u l t  
from each  row i n  the  i - t h  s e t  o f  ( s - 1 ) 2 rows i n  each s u c c e s s i v e  s e t  o f  
( s - 1 ) 3 rows o f  B, ( i  = l , . . . , s - l ) .
An Hg o p e r a t i o n  u s i n g  A on B
M u l t i p ly  t h e  i - t h  row o f  A by 1 /s  and s u b t r a c t  t h e  r e s u l t  
from each  row i n  the  i - t h  s e t  o f  ( s - 1 ) 3 rows o f  B, ( i  = l , . . . , s - l ) .
The m a t r i c e s  B  ^ t o g e t h e r  w i th  t h e s e  f o u r  o p e r a t i o n s ,  
used  s u c c e s s i v e l y  on th e  s u b m a t r i c e s  C£, H£, F£ and D£, r educe  RL t o  
( ^ 4  5h+1* For example,  t h e  f i r s t  B^ ^ i s  used  t o  o b t a i n  ze ros  i n  
columns 2 , . . . , s  o f  RL. To t h i s  end,  an H5 o p e r a t i o n  i s  per fo rm ed  on 
each o f  t h e  f i r s t ,  . . . ,  f o u r t h  s e t s  o f  ( s - 1)4 rows o f  what  remains  o f  
RL. The second B^ ^ i s  u s e d ,  f i r s t l y ,  w i th  a o p e r a t i o n  on th e
s u b m a t r i c e s  C£ i n  t h e  f i r s t ,  second  and t h i r d  s e t  o f  ( s - 1 ) 4 rows o f  
RL, and s e c o n d ly ,  w i th  an o p e r a t i o n  on th e  f i f t h  s e t  o f  ( s - 1 ) 4 rows 
o f  RL. The c o n t i n u a t i o n  o f  t h i s  p r o c e s s  e f f e c t s  t h e  r e q u i r e d  r e d u c t i o n .
This  sequence  o f  C5 , D^, F5 and o p e r a t i o n s  s im u l t a n e o u s l y
1 p
s 3 5h45h^
e f f e c t s  a t r a n s f o r m a t i o n  o f  RR - E » Let  t h e  s u b m a t r i c e s  t h e r e i n
c  £  
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be denoted A = s 1^4 - A— ^ 4 ^ 4  > Ay, ®7> ^y, ^7> ^y, ^7» Hy, By,
Jy , Ky, Cy, Gy, Ly, Dy, Hy and K7, where, for  example, A7 = A7 - A*
The foregoing sequence o f  F5, C5, D3 and H5 operations, using H3 , C
and F3 as operators on the submatrices o f  RR - A— E 4 4, y ie ld s
— s 3 5h 5h
seventeen new submatrices as fo llow s:
: % _ „ H1  y  (CS) — E.S_> (D5) W12
£7
% (c5) ‘ (F5) b13
" 5 "
% ( 05 ) — £§—<, (^5 ) — F13
J 5  - 2 5 - v  Cd5) (F5) h13
! 7
h5 (C5) (d5) (f5) l13
“
% (C5) (D5) J13
A.7
^  3 -,. (C5) 3 +  (Ds ) _ f s _ ,  m13
£7
% 3 _>- tc5) .3 .,.). cd5) 3 _ , n 13
° 7
■ \ 4 h 4- 
5 » ° 5
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J t s  _ £ § _ > . Cc5 ) CF5) _ J L >  Qj 3
£ 7
J s  CC5) (f 5) _ £ s_ >  r13
» 7
H5 (Ds ) (F5) _ j £ ^ S 13
3J
_ %  ~ f S - >  (£5) ... -.5- , - »  CFs3 ■ .F». > T13
~ 5
_ £ 5_ >  (d5 ) c f5 ) _ ! £ _ »  u13
~ 5
£ 5  - i i - F  (£5) (£5) v 13
h 7
c 5 > (D5) ( f 5 ) — w13
“ h^  "
J 1 +  (d5) ^  CPS) _ J i U  x 13
- 7
rr  _ 2 _  £ ^ 4 ^ 4  thus transform ed i s  th e  m atrix  (RR) ^
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(RR), =
where
and
w
L13 Wi2 J 13 M13 N13
W12 L l3 p13 Ql3 Rl3
b13 p13 l 13 S13 t 13
F l3 U13 S13 L13 V13
h 13 Wl3 X l3 v 13 l 13
L13 = Ih ®  (A-B) + Eh h ® B .
A = Ih ©  (C-D) + Eh h ® D
B = Ih © ( D - F )  + Eh h ® F
C = Ih ©  (G-H) + Eh h © H
D = Ih ®  (H-J) + Eh h © J
F = Ih © ( J - K )  + Eh h © K
G = ( t - u ) *h + U Ehh
H = (u-v) h  + v Ehh
J = (v-w) >  + w Ehh
K = (w-x) xh + x Ehh»
t  = * VS
3
u  -------- f ♦ Vs J
3
7 1 and
3
X = —; i" *
v = - 2_  3 _S2 + S3 »
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In each o£ the fo llow ing  m atrices, a =
, 2 2  1 2  j , 2b “ " ' + ■■■y  • c = - ■" + End d = _ «
s7  7*  s2 s 3 s 3
Xl , - Tl S - Bh l ® Ih ® El h ® » - B) *
S 13 = !h ® Eh h ®  tA- B) * Eh2h2 ® B 
V13 ’  Ehh® I h ® (A -B )  ,  Eh2h2® B ,
where
where
A = Ih © (C -D ) + Eh h © D
B = Ih 0 (D-F) + Eh h © F
C = (a-b) I + b E1 J h hh
D = Cb-cJ Ih 1 c Ehh
F = (c-d) Ih ,  d Eh h .
W12 " * Eh h © B.
A = Ih ©  (C-D) + Ehh ©  D
B = Ih ©  (D-F) + Eh h © F
C -  (a -b)  I h ® E h h , b E h2h2
D = (b-c )  I h ® E hh + c Eh2h2
F -  M  I h ® E h h , d E h 2 h 2 .
1 -  3 + 2 
Eh 2h 2 © B
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where
where
j ; 3 = Bi3  = * Eh h ® B-
A -  I h © E l h © ( C - D )  * Eh h 2 © D
B - Ih@Elh©CD-F) * \ h2®F
C .  Ca-b) I h ® E h i  * b  E ^
D = (b -c )  I © E  + c E ,  
h h i  h h
F = (c -d )  I © E  + d E 9 , 
1 } h w  h i  h 2h
P1 3 = I h ® (A- B) + E h h ® B'
A = Ih ® E h h ®  (C-D) ♦ Eh 2 h 2 © D
6 ” I h ® Eh h ® CD" F) + W ® F
C = ( a -b )  I + b B
h hh
D = (b -c)  I + c E
1 J h hh
f .  (c-d) i ♦ a Ehh .
N» = H = E © I  ©  (A-B) + E -  ®  B. 
13 13 lh  ti hh2 ^
A and B are as in C, D and F, as in B^g
M; 3 = F1 3 =  Ih ® El h ® (A- B) * Eh h 2 ® B-
A and B a r e  as i n  C, D and F, as  i n  B^g
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A and B a r e  as i n  Bjg;  C, D and F, as  i n  P jg .
+ Vh®E'
A and B a r e  as i n  B^gJ C, D and F, as  i n  Pjg«
A r e p e t i t i o n  o f  t h e  e x a c t  sequence  o f  Cg, Hg, Dg and Fg
o p e r a t i o n s ,  used  as column o p e r a t i o n s ,  r ed u ce s  UR t o  0 . .
5 h + l ,5 h 4
At t h i s  s t a g e  th e  on ly  n o n -z e ro  e lem en ts  i n  t h e  f i r s t
5h+l rows and 5h+l columns a r e  s^  and th e  f i v e  B, , m a t r i c e s .h , h
For t h e  f o u r t h  s t e p ,  t h e  e x t e n s i o n  o f  t h e  e x a c t  sequence
o f  J g ,  Dg and Kg o p e r a t i o n s  which were u sed  i n  the  r e d u c t i o n  o f  K
u t i l i z e s  th e  s u b m a t r i c e s  o f  (MR)^ as o p e r a t o r s  on th e  s u b m a t r i c e s  o f  
(LR)^. The r e s u l t s  o f  t h e s e  o p e r a t i o n s  a r e  as f o l l o w s :
P8 — > (Bs) -  > (G8) Mil
X9
f 8 _JlL  ^ c j 8 ) (Mg) Nn
P10
(J 8) (Ng) _ I 3 L *  Pn
S10
U10
( M g )  ( n 8 )  _ j 3 ^ R n
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Further, 0  3 4 r e s u lt s  from
h ,h
a
i
i i
i i i
iv
V I
11
111
iv
V I
c
i
a K3 operation using
Fg on Z9
Bg on R10
J 8 on X10
G8 on T10
Mg on Y10
Ng on Z1Q ,
a D3 operation using
Fg on M9
Bg on B10
J 8 0n K10
Gg on G10
Mg on M10
N8 0n N10 »
a operation using
F8 ° n Y9
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
173
i i )  Bg on Q^q 
i i i )  J 8 on W1Q
i v )  Gg on V1Q
v) Mg on An
v i )  Ng on
(LR)^ i s  changed t o  (LR)2 .
( l r ) 2 =
M n  Mn  0
N n  0
'11
0
0
0
N11
0
11
R l l  0
R11
0
0
M11 0
N11
0
'11
0
0
0
M11
N11
11
0
Rll 0
R11
0
0
0
Mn
N11
'11
4 1
I(LR) I 1 i s  s i m i l a r l y  changed by D_, J _  and K_ o p e r a t i o n s  
L i j  .
(used  as column o p e r a t i o n s ) t o  ICLR)2 1 * *
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The f o u r t h  s t e p  i s  com ple te .
To f a c i l i t a t e  t h e  e l i m i n a t i o n  o f  (MR^ and J ^M R j j J 1, s i x  
new o p e r a t i o n s  a r e  d e f i n e d . ' In  each d e f i n i t i o n ,  " s e t "  deno te s  
" s u c c e s s i v e  s e t " .
Let A and B be two m a t r i c e s  which have ( s - 1 ) 2 and ( s - 1 ) ^  
rows,  r e s p e c t i v e l y ,  and th e  same number o f  columns.
A J g  o p e r a t i o n  u s i n g  A on B
M u l t i p l y  th e  i - t h  row o f  t h e  j - t h  s e t  o f  s - 1  rows o f  A by
1/ s 2 and s u b t r a c t  t h e  r e s u l t  from t h e  i - t h  row o f  each s e t  o f  s -1  rows
i n  t h e  j - t h  s e t  o f  ( s - 1 ) 3 rows o f  B, ( i , j  = l , . . . , s - l ) .
An Fo o p e r a t i o n  u s i n g  A on B
M u l t i p l y  th e  i - t h  row o f  t h e  j - t h  s e t  o f  s - 1  rows o f  A
by  1/ s 2 and s u b t r a c t  t h e  r e s u l t  from each o f  t h e  ( s - 1 ) 2 rows i n  t h e  
i - t h  s e t  o f  ( s - . l ) 2 rows i n  t h e  j - t h  s e t  o f  ( s - 1 ) 3 rows o f  B,
( i , j — l , . . . , s —1) .
A Bg o p e r a t i o n  u s i n g  A on B
M u l t i p l y  t h e  i - t h  row o f  t h e  j - t h  s e t  o f  s - 1  rows o f  A
by 1/ s 2 and s u b t r a c t  th e  r e s u l t  from each o f  t h e  rows i n  t h e  i - t h  s e t
o f  s -1  rows in  each s e t  o f  ( s - 1 ) 2 rows i n  t h e  j - t h  s e t  o f  ( s - 1 ) 3 rows
o f  B, ( i , j  -  1 , . . .  , s  —1).
A Gg o p e r a t i o n  u s i n g  A on B
M u l t i p ly  th e  i - t h  row o f  t h e  j - t h  s e t  o f  s - 1  rows o f  A
by 1/ s  and s u b t r a c t  th e  r e s u l t  from each o f  t h e  rows i n  t h e  i - t h  s e t
o f  s -1  rows i n  t h e  j - t h  s e t  o f  ( s - 1 ) 2 rows in  each s e t  o f  ( s - 1 ) 3 rows 
o f  B, ( i , j  = 1 , . . . , s - l ) .
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An Mr o p e r a t i o n  u s i n g  A on B
M u l t i p ly  t h e  i - t h  row o f  t h e  j - t h  s e t  o f  ( s -1 )  rows 
o f  A by 1 / s ^  and s u b t r a c t  t h e  r e s u l t  from th e  i - t h  row i n  each  s e t  
o f  s -1  rows i n  t h e  j - t h  s e t  o f  ( s - 1)^  rows i n  each  s e t  o f  ( s - 1 ) 3 rows 
o f  B, ( i , j  = 1 , . .  . , s - l ) .
An Ng o p e r a t i o n  u s i n g  A on B
M u l t i p l y  th e  i - t h  row o f  t h e  j - t h  s e t  o f  s - 1  rows o f  A
2
by 1/ s  and s u b t r a c t  th e  r e s u l t  from t h e  i - t h  row i n  t h e  j - t h  s e t  o f
s -1  rows i n  each s e t  o f  ( s - 1 ) ^  rows i n  each s e t  o f  ( s - 1 ) 3 rows o f  B,
( i }j  = l , . . . , s - l ) .
With r e f e r e n c e  t o  ^ (M R ) j J ' ,  a sequence  o f  t h e s e  s i x
o p e r a t i o n s  i s  c o n s t r u c t e d  and u t i l i z e d  t o  e f f e c t  t h e  e l i m i n a t i o n  o f
( M R ) | j ' .  B r i e f l y ,  t h e  t e n  m a t r i c e s  ^ ^ 2  ^2 a r e  used  as o p e r a t o r s  on
t h e  s u b m a t r i c e s  F ' ,  B' M' ,  N' J '  and F' t o  red u ce  each o f  t h e  l a t t e r  0 8 8 8 8  8
t o  0^4 ^ 2 * This  sequence s im u l t a n e o u s l y  e f f e c t s ,  by means o f  th e  
s u b m a t r i c e s  o f  (MR)^, a t r a n s f o r m a t i o n  o f  (RR)j.  A summary o f  t h e  
d e r i v a t i o n  o f  t h e  s u b m a t r i c e s  o f  t h e  new m a t r i x  (R R ^  f o l l o w s .
F* (Br ) ( J 8) (Gg) (Mg) (Ng) ^  XJ5
L13
.> (Bg) (Gg) Djg
«12
f 8 (b8) (g 8,  p i s
J 13
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Fg _ I i - >  ( J 8) - i i - >  CMg) _!!*_► R1S
p13
Bg P 8) _ ! « _ »  (N8 ) _ 2 l _ >  K1S
8^ (Js) - i U  0>S> U15
Ui x
Gs  (Ms> (n 8> “ i s
Gg _ ! * _ >  CMg) J ± +  CN8) W15
w13
Fg - i B - J ,  (Bs ) (Gs) y i s
Fg CJ8) - i i - j .  CMg) _!5l ^ a 16
Ql3
Bg _ ! i ^ .  Wg) _ f i _ >  (N8) ,N8 ,> C16
Si T
Gg _ ! i - >  (Mg) (Ng) J O S .+  G16
F P8 v f j  ) P8  ^ fM 1 8^  ^ h8 ----^—r  1 8J  ” > U 8J  >15
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1 7 7
F ,  (Bg) J H 2 _ >  (Gg) Z
N13
15
Gg ^ ( J 8)
13
Mg
■>
13
13
Ng
16
BS tJ 8) <N8> 16
G8 ° 8 >  (Ms ) - ” 8.. > (Ns)  .,N?. > F16
(RR)2 =
X15 °15 P15 Y15 Z15
D15 X15 R15 A16 B16
H15 R15 X15 C16 D16
K15 U15 C16 X15 p16
M15 W15 g 16 ‘16 X15
There  i s  a co r re spondence  between t h e  s u b m a t r i c e s  o f  
(RR)^ and (RR)2 > There  a r e  f i v e  rows and f i v e  columns o f  s u b m a t r i c e s  
i n  each m a t r i x .  The su b m a t r ix  i n  t h e  i - t h  row and t h e  j - t h  column o f  
(RR) 2 h as  t h e  same Kronecker p r o d u c t  form as t h a t  i n  t h e  i - t h  row and 
th e  j - t h  column o f  (R R ^ i  ( i , j  = 1 , . . . , 5 ) .  The e n t r i e s  on ly  d i f f e r .
The e n t r i e s  t ,  u ,  v ,  w and x a r e  changed t o  t ’ , u ' , v ' ,  w' and x ' ,
. 6 8 3 , 3 6 3r e s p e c t i v e l y ,  where t '  = s , u '  = - — + —=■ - —=- ,
s s^  s -5 s s^  s 5
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v '  = -  i  + i _  - , w1 =-—-----and x '  = - —  . The e n t r i e s
s S'2 s3  s 2 s 3 s 3
a ,  b ,  c and d a r e  changed t o  a ' ,  b ' ,  c '  and d ' , r e s p e c t i v e l y ,  where
a '  = f=4 ) 3 , b '  = - f c P 2 , c .  f c i 5 and d = - ~  .
S3 S'5 S’1
The s u b m a t r i c e s  o f  (MR)j a r e  r e a d i l y  e l i m i n a t e d  by u s in g  
t h e  sequence  o f  Fg, Bg , Mg , Ng , J g  and Fg o p e r a t i o n s  (used  as column 
o p e r a t i o n s )  which were used  t o  e l i m i n a t e  £(MR)jJ ' .  T h i s  comple te s  
t h e  f i f t h  s t e p .
F i n a l l y ,  t h e  e l i m i n a t i o n  o f  [ t LRh ]  ' and (LR)2 i n  t h e  
s i x t h  s t e p  d i a g o n a l i z e s  (RR^* Four new o p e r a t i o n s  a r e  d e f i n e d  t o  
accompli sh  t h i s .
7  A
Let A and B be two m a t r i c e s  which have  ( s - l ) J  and ( s -1 )  
rows,  r e s p e c t i v e l y ,  and th e  same number o f  columns.
An Rj j  o p e r a t i o n  u s in g  A on B
M u l t i p ly  t h e  i - t h  row o f  A by 1 /s  and s u b t r a c t  t h e  r e s u l t
from t h e  i - t h  row i n  each o f  t h e  s - 1  s e t s  o f  ( s - 1 ) 3 rows o f  B,
( i  = 1 , . . . ,  ( s - 1) 3) .
An Nj j  o p e r a t i o n  u s in g  A on B
M u l t i p l y  th e  i - t h  row o f  t h e  j - t h  s e t  o f  s -1  rows i n  th e  
k - t h  s e t  o f  ( s - 1 ) 2 rows o f  A by 1 / s  and s u b t r a c t  t h e  r e s u l t  from t h e
i - t h  row i n  each s e t  o f  s -1 rows i n  t h e  j - t h  s e t  o f  ( s - 1) rows i n  t h e
k - t h  s e t  o f  ( s - 1 ) 3 rows o f  B, ( i , j , k  = l , . . . , s - l ) .
An Mj j  o p e r a t i o n  u s i n g  A on B
M u l t i p l y  t h e  i - t h  row o f  t h e  j - t h  s e t  o f  s - 1  rows i n  th e  
k - t h  s e t  o f  ( s - 1 ) 2 rows o f  A by 1 /s  and s u b t r a c t  t h e  r e s u l t  from each
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o f  t h e  rows i n  t h e  i - t h  s e t  o f  s -1 rows i n  t h e  j - t h  s e t  o f  ( s - 1) 
rows i n  t h e  k - t h  s e t  o f  ( s - 1 ) ^  rows o f  B, ( i , j , k  = 1 , . . .  , s - l ) .
AP- q  o p e r a t i o n  u s in g  A on B
o
M u l t i p ly  th e  i - t h  row o f  t h e  j - t h  s e t  o f  ( s - 1 )  rows o f  
A by 1 / s  and s u b t r a c t  t h e  r e s u l t  from th e  i - t h  row i n  each s e t  o f  
( s - l ) ^  rows i n  t h e  j - t h  s e t  o f  ( s - l ) ^  rows o f  B, ( i  = 1 , . . . ,  ( s - 1 ) ^ ) ,
( j  = l , . . . , s - l ) .
With r e f e r e n c e  t o  ' ,  a sequence  o f  t h e s e  f o u r
o p e r a t i o n s  i s  c o n s t r u c t e d ,  u s in g  t h e  f i v e A ^ g  ^ g  m a t r i c e s  as o p e r a t o r s  
on th e  s u b m a t r i c e s  P p j  and R ^ ,  t o  o b t a i n  0 g^4 jQh-^ P*ace
o f  ^( L R)  2^ j * * This  sequence  changes ( R R ^  t o  ( R R ) g  = d ia g f l T ^  ^ 4 , . . .  J I^4 ^ 4 ) 
as  f o l l o w s :
0 4 4 r e s u l t s  from
h ,h
a) an o p e r a t i o n  u s in g
i )  Mn  on D15
i i )  Nn  on H15
i i i )  P11 on K15 
iv )  R1X on M15 ,
b) an N p  operation using
<
a.) PX1 on U15
i i )  R p  on W^ g
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i i i )  on Ri5
iv )  Mn  on P1 5 ,
c) a Pjj  operation using
i )  Mn  on Y15
i i )  Ni;l on A16
i i i )  Pl;l on C16
iv )  R n  on G1 6 j
d) an R., operation using
(Pn ) (Ri P  ——*> nh4 jh4 >
B~
B
•  •
A
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i )  Mu  on Z15
i i )  on
i i i )  P , , on D. .
11 l o
iv )  Rjj  on .
Mn  ^  (Nn ) ^  
X15
where
A B . 
B A B .
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K =
-h 1
1 -h
( A . 4 . 2 . 1 5 )
n 4 4 i s  an h 4 x h 4 m a t r i x  h av in g  h rows and h columns
h ,h
o f  s u b m a t r i c e s  A and B, each o f  d im ens ion  h^ x h^ .
In t h e  fo l l o w i n g  e v a l u a t i o n  o f  [1^4 4 I , t h e  te rm "row"
7 7 A
means a row o f  h x h J s u b m a t r i c e s .  I t  i s  c l e a r  t h a t  p- + B = 0 ?
h h ,h
M u l t i p ly  t h e  f i r s t  row o f  11^ 4 ^4 by 1/h and add th e  r e s u l t  
t o  each o f  the  rem a in ing  h -1  rows.  Then s u b t r a c t  t h e  t h i r d  row from 
t h e  second  row. The r e s u l t  i s
V , h 4 '
(s*)3-\-h
A-B
-(B-A)
B-A
-+A
i ( B - A )
h
I ( B - A )  i ( B - A )  
h h
0
-(B-A) k o - a)
-+A
= c A . n. say.
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S i m i l a r  s u c c e s s i v e  s t e p s ,  each c o n s i s t i n g  o f  two p a r t s ,  
a r e  p e r fo rm ed  as f o l l o w s :
For t h e  i - t h  s t e p ,  m u l t i p l y  t h e  f i r s t  row o f  Ih  ^ by i / h  
and add th e  r e s u l t  t o  each o f  t h e  rem a in in g  ( h - i - 1 )  rows.  Then 
s u b t r a c t  th e  t h i r d  row from th e  second row, ( i  = 1 , 2 , . . . , h - 3 ) . At 
t h e  com ple t ion  o f  t h e  i - t h  s t e p ,
lnh 4 , h 4 I = c I a | - (A-Bl1 . | n ± | ,
where n.  has  ( h - i - 1 )  rows.  II. has  t h e  same form as nn . In  t h e  f i r s t  1 1  0
column, t h e  f i r s t  e n t r y  i s  A-B and th e  rem a in in g  e n t r i e s  t h e r e i n  a r e
a l l  (B-A). Thus,  upon th e  com ple t ion  o f  s t e p  ( h - 3 ) ,
h
In 4 4 | = c | a [ . IA-B| h“3
n ,n
A-B
( h - 2 ) (B-A) 
h
B-A
®+A
For  s t e p  ( h - 2 ) ,  m u l t i p l y  t h e  f i r s t  row o f  3 by 
( h - 2 ) / h  and add th e  r e s u l t  t o  t h e  l a s t  row. Hence,
|nh 4 }h4l = c | a | . IA-Blh-1  h "h3
= c | A | h ( h + l )h3(h_i;)  h"h 4 .
With r e f e r e n c e  t o  ( 3 . 4 . 2 . 1 5 )  and t o  t h e  s t r u c t u r e  o f
II, 4 , 4 , i t  fo l low s  t h a t  h , h
| a | = | c | h ( h+l ) h 2 ■*■* h"h3 .
|C|  = | G| h ( h+l ) h 1 )  h ' h2
|G[ = | h 4 lh ( h + l ) Ch-i:) h “h = h 3h ( h + l )h _ 1 .
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Thus,
lnh4 ,h 4 l " s ( s "1 ) 3 ( s ‘ 5)
I t  i s  now p o s s i b l e  t o  e x p l i c i t l y  e v a l u a t e  |Q4 | .  With 
r e f e r e n c e  t o  (A.4 . 2 . 1 4 ) ,
|K * . |  = s5 | Bh i h | 5 . | * h 2 ,h 2 | 10- l A hV | 10' l " h 4 ,h 4 |5 •
This  r e d u c e s  to
s I Qj I • IQ2 I • IQ3 I • IQ4 I M s I } ^  I • I ^ 4  ^  j^ 4 | .
S in c e ,  by (A.4 . 2 . 5 ) ,  (A.4 . 2 . 9 )  and (A.4 . 2 . 1 3 ) ,  I q ^ ^ s ,  
I c^ l ' v / l  and | Q j | « / 1 , i t  f o l l o w s  t h a t
iq4u / +1 tA-4
I f  s  i s  even ,  |Q \„  s ;  i f  s i s  odd,  |Q | ^ 1 .
. 2 .1 6 )
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